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Learning with invariances

• Standard learning setup:  
given data  estimate   
such that  is small 

• Learning with invariances: all of the above, plus: 
select function such that it is -invariant for a given group : 
 
 
 
 
usually:  is a set of invariant functions

(x1, y1), …, (xn, yn) ̂f ∈ ℱ
𝔼[ℓ( ̂f(X), Y)]

̂f ∈ ℱ G G

ℱ

<latexit sha1_base64="adMfK3qIW5bir/0nIvK9AA4T3Zo="></latexit>

f̂(g.x) = f̂(x) 8g 2 G, x 2 X



Examples

Images:  
translation invariance

Sets:  
permutation invariance

<latexit sha1_base64="sTNBirX9Dp8LCy/J+vf1l0qw/Mw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8Ei1E1JpKgboSCCywr2AU0ok8mkHTp5dGYilNCNv+LGhSJu/Qx3/o3TNoi2HriXwzn3MnOPl3AmlWV9GUvLK6tr64WN4ubW9s6uubfflHEqCG2QmMei7WFJOYtoQzHFaTsRFIcepy1vcD3xWw9USBZH92qUUDfEvYgFjGClpa55GJSRMxym2Hd+2im6Ql2zZFWsKdAisXNSghz1rvnp+DFJQxopwrGUHdtKlJthoRjhdFx0UkkTTAa4RzuaRjik0s2mB4zRiVZ8FMRCV6TQVP29keFQylHo6ckQq76c9ybif14nVcGlm7EoSRWNyOyhIOVIxWiSBvKZoETxkSaYCKb/ikgfC0yUzqyoQ7DnT14kzbOKfV6p3lVLtZs8jgIcwTGUwYYLqMEt1KEBBMbwBC/wajwaz8ab8T4bXTLynQP4A+PjGxxSlXc=</latexit>

f( ) =
<latexit sha1_base64="sTNBirX9Dp8LCy/J+vf1l0qw/Mw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8Ei1E1JpKgboSCCywr2AU0ok8mkHTp5dGYilNCNv+LGhSJu/Qx3/o3TNoi2HriXwzn3MnOPl3AmlWV9GUvLK6tr64WN4ubW9s6uubfflHEqCG2QmMei7WFJOYtoQzHFaTsRFIcepy1vcD3xWw9USBZH92qUUDfEvYgFjGClpa55GJSRMxym2Hd+2im6Ql2zZFWsKdAisXNSghz1rvnp+DFJQxopwrGUHdtKlJthoRjhdFx0UkkTTAa4RzuaRjik0s2mB4zRiVZ8FMRCV6TQVP29keFQylHo6ckQq76c9ybif14nVcGlm7EoSRWNyOyhIOVIxWiSBvKZoETxkSaYCKb/ikgfC0yUzqyoQ7DnT14kzbOKfV6p3lVLtZs8jgIcwTGUwYYLqMEt1KEBBMbwBC/wajwaz8ab8T4bXTLynQP4A+PjGxxSlXc=</latexit>

f( ) =

Point clouds:  
rotation/translation invariance

Graphs:  
permutation invariance



Outline
 

• A concrete example: (Graph) Neural Networks on eigenvectors 
D. Lim, J. Robinson, L. Zhao, T. Smidt, S. Sra, H. Maron, S. Jegelka. Sign and Basis Invariant Networks 
for Spectral Graph Representation Learning, ICLR 2023. 
D. Lim, J. Robinson, S. Jegelka, H. Maron. Expressive Sign Equivariant Networks for Spectral Geometric 
Learning. Neural Information Processing Systems (NeurIPS), 2023. 
 

• Sample complexity gains from learning with invariances 
B. Tahmasebi, S. Jegelka. The Exact Sample Complexity Gain from Invariances for Kernel Regression on 
Manifolds, Neural Information Processing Systems (NeurIPS), 2023.



Machine Learning with Graph Data: Applications

ETA in Google Maps  
(Derrow-Pinion et al, 2021)

recommender 
systems 

(Ying et al 2018)

guiding human intuition  
in mathematics 
(Davies et al 2021)

learning simulations 
(Sanchez-Gonzalez et al 2020)

molecule property prediction 
(Duvenaud et al 2015, Stokes et al 2020)

drug interactions 
(Zitnik et al 2018)



• Data: attributed graphs (of bounded size) 
 
 
 
 
 
 

Machine Learning with Graph Data

<latexit sha1_base64="+c6idgFIDLJG19X50BNVgDdh4rA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi4LCrqsYB/QhDKZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcp373UcqFYvFg54m1I/wSLCQEayNNLCrHhPIi7AeE8yz29nArjl1Zw60StyC1KBAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ1VvFTRBJMJHtG+oQJHVPnZPPgMnRpliMJYmic0mqu/NzIcKTWNAjOZR1TLXi7+5/VTHV75GRNJqqkgi0NhypGOUd4CGjJJieZTQzCRzGRFZIwlJtp0VTEluMtfXiWd87p7UW/cN2rNm6KOMhzDCZyBC5fQhDtoQRsIpPAMr/BmPVkv1rv1sRgtWcXOEfyB9fkDm3OTFA==</latexit>

2 G

<latexit sha1_base64="zPnCzNUBGcy1pK32XOn7EJetciI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKUY8FRT1WsB+wXUo2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5H11O//cS04Uo+wjhhQUwGkkecErCSf9vrwpABqdyd9Uplt+rOgJeJl5MyytHolb66fUXTmEmgghjje24CQUY0cCrYpNhNDUsIHZEB8y2VJGYmyGYnT/CpVfo4UtqWBDxTf09kJDZmHIe2MyYwNIveVPzP81OIroKMyyQFJul8UZQKDApP/8d9rhkFMbaEUM3trZgOiSYUbEpFG4K3+PIyaZ1XvYtq7aFWrt/kcRTQMTpBFeShS1RH96iBmogihZ7RK3pzwHlx3p2PeeuKk88coT9wPn8ATtqQog==</latexit>

F✓(G)

<latexit sha1_base64="QQqeHT/ytnBxmvZy/D/h5dRlHvM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoMQQcKuBPUYUNRjBPOAZAmzk95kyOzDmd5ACPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W5mV1bX1jexmbmt7Z3cvv39Q11GiONR4JCPV9JgGKUKooUAJzVgBCzwJDW9wPfUbQ1BaROEjjmJwA9YLhS84QyO5t5029gFZ8e5seNrJF+ySPQNdJk5KCiRFtZP/ancjngQQIpdM65Zjx+iOmULBJUxy7URDzPiA9aBlaMgC0O54dvSEnhilS/1ImQqRztTfE2MWaD0KPNMZMOzrRW8q/ue1EvSv3LEI4wQh5PNFfiIpRnSaAO0KBRzlyBDGlTC3Ut5ninE0OeVMCM7iy8ukfl5yLkrlh3KhcpPGkSVH5JgUiUMuSYXckyqpEU6eyDN5JW/W0Hqx3q2PeWvGSmcOyR9Ynz+WPZFY</latexit>

F✓(G, v)

<latexit sha1_base64="ILk41LxEha/owaMUjHeGTIqMBQo=">AAAB+nicdVDLSsNAFJ34rPXV6tLNYBFchUlpapcFNy4r2Ac0IUym03boZBJmJtUS8yluXCji1i9x5984fQgqeuDC4Zx7ufeeMOFMaYQ+rLX1jc2t7cJOcXdv/+CwVD7qqDiVhLZJzGPZC7GinAna1kxz2kskxVHIaTecXM797pRKxWJxo2cJ9SM8EmzICNZGCkplL7sLpl4eZFPoMQE7eVCqIBvV3ZrTgMh2kdNwXEOqroNQFTo2WqACVmgFpXdvEJM0okITjpXqOyjRfoalZoTTvOiliiaYTPCI9g0VOKLKzxan5/DMKAM4jKUpoeFC/T6R4UipWRSazgjrsfrtzcW/vH6qhw0/YyJJNRVkuWiYcqhjOM8BDpikRPOZIZhIZm6FZIwlJtqkVTQhfH0K/yedqu3U7dp1rdJsruIogBNwCs6BAy5AE1yBFmgDAm7BA3gCz9a99Wi9WK/L1jVrNXMMfsB6+wR3KpQl</latexit>

{xv}v2V
<latexit sha1_base64="At0gcVeIyo04WxN8XGzNC7gtiso=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCqyFT2tplwY3LKvYBnXHIpGkbmskMSaZYxi78FTcuFHHrb7jzb0wfgooeCBzOuZd7csKEM6UR+rCWlldW19ZzG/nNre2dXXtvv6niVBLaIDGPZTvEinImaEMzzWk7kRRHIaetcHg+9VsjKhWLxbUeJ9SPcF+wHiNYGymwD2+DEfSYgF6E9SAMs6vJTdadBHYBOahSLrlViJwycqtu2ZBi2UWoCF0HzVAAC9QD+93rxiSNqNCEY6U6Lkq0n2GpGeF0kvdSRRNMhrhPO4YKHFHlZ7P8E3hilC7sxdI8oeFM/b6R4UipcRSayWlK9dubin95nVT3qn7GRJJqKsj8UC/lUMdwWgbsMkmJ5mNDMJHMZIVkgCUm2lSWNyV8/RT+T5pFx604pctSoVZb1JEDR+AYnAIXnIEauAB10AAE3IEH8ASerXvr0XqxXuejS9Zi5wD8gPX2CVBPllI=</latexit>

xv 2 Rd

<latexit sha1_base64="9uHXlkPNq2S/33vie7z2kKQOBoE=">AAACAnicdVDLSgMxFM34rPVVdSVugkWoIENmaGu7K4jgsoJ9QKeUTJq2oZnMkGQqZShu/BU3LhRx61e4829MH4KKHrhwOOde7r3HjzhTGqEPa2l5ZXVtPbWR3tza3tnN7O3XVRhLQmsk5KFs+lhRzgStaaY5bUaS4sDntOEPL6Z+Y0SlYqG40eOItgPcF6zHCNZG6mQOveQ2F5+NTr1JJ5kR6DEBLyewk8kiG7mlQt6FyHYLqOyUDSkgp1zMQ8dGM2TBAtVO5t3rhiQOqNCEY6VaDop0O8FSM8LpJO3FikaYDHGftgwVOKCqncxemMATo3RhL5SmhIYz9ftEggOlxoFvOgOsB+q3NxX/8lqx7pXaCRNRrKkg80W9mEMdwmkesMskJZqPDcFEMnMrJAMsMdEmtbQJ4etT+D+pu7ZTtPPX+WylsogjBY7AMcgBB5yDCrgCVVADBNyBB/AEnq1769F6sV7nrUvWYuYA/ID19glNB5Ya</latexit>

{w(u, v)}(u,v)2E

<latexit sha1_base64="KGdtzA0MuG/Ko01PbzKtIbNMp/g="></latexit>

G = (V,E,X,W )

<latexit sha1_base64="lBdelI1+8GoMmycH+K3b1plf21c=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rLoxmUV+4Amhslk0g6dPJi5EUsIbvwVNy4UcetXuPNvnLRZaOuBC4dz7uXee7yEMwmm+a0tLC4tr6xW1qrrG5tb2/rObkfGqSC0TWIei56HJeUsom1gwGkvERSHHqddb3RZ+N17KiSLo1sYJ9QJ8SBiASMYlOTq+3aIYeh52U1+l/muDfQBsjiFPHf1mlk3JzDmiVWSGirRcvUv249JGtIICMdS9i0zASfDAhjhNK/aqaQJJiM8oH1FIxxS6WSTF3LjSCm+EcRCVQTGRP09keFQynHoqc7iYDnrFeJ/Xj+F4NzJWJSkQCMyXRSk3IDYKPIwfCYoAT5WBBPB1K0GGWKBCajUqioEa/bledI5qVun9cZ1o9a8KOOooAN0iI6Rhc5QE12hFmojgh7RM3pFb9qT9qK9ax/T1gWtnNlDf6B9/gC3bphM</latexit>

Rdout



• Data: attributed graphs (of bounded size) 
 
 
 
 
 
 

• Want: graph/node invariants

Machine Learning with Graph Data

<latexit sha1_base64="+c6idgFIDLJG19X50BNVgDdh4rA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi4LCrqsYB/QhDKZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcp373UcqFYvFg54m1I/wSLCQEayNNLCrHhPIi7AeE8yz29nArjl1Zw60StyC1KBAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ1VvFTRBJMJHtG+oQJHVPnZPPgMnRpliMJYmic0mqu/NzIcKTWNAjOZR1TLXi7+5/VTHV75GRNJqqkgi0NhypGOUd4CGjJJieZTQzCRzGRFZIwlJtp0VTEluMtfXiWd87p7UW/cN2rNm6KOMhzDCZyBC5fQhDtoQRsIpPAMr/BmPVkv1rv1sRgtWcXOEfyB9fkDm3OTFA==</latexit>

2 G
<latexit sha1_base64="zPnCzNUBGcy1pK32XOn7EJetciI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKUY8FRT1WsB+wXUo2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5H11O//cS04Uo+wjhhQUwGkkecErCSf9vrwpABqdyd9Uplt+rOgJeJl5MyytHolb66fUXTmEmgghjje24CQUY0cCrYpNhNDUsIHZEB8y2VJGYmyGYnT/CpVfo4UtqWBDxTf09kJDZmHIe2MyYwNIveVPzP81OIroKMyyQFJul8UZQKDApP/8d9rhkFMbaEUM3trZgOiSYUbEpFG4K3+PIyaZ1XvYtq7aFWrt/kcRTQMTpBFeShS1RH96iBmogihZ7RK3pzwHlx3p2PeeuKk88coT9wPn8ATtqQog==</latexit>

F✓(G)

<latexit sha1_base64="QQqeHT/ytnBxmvZy/D/h5dRlHvM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoMQQcKuBPUYUNRjBPOAZAmzk95kyOzDmd5ACPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W5mV1bX1jexmbmt7Z3cvv39Q11GiONR4JCPV9JgGKUKooUAJzVgBCzwJDW9wPfUbQ1BaROEjjmJwA9YLhS84QyO5t5029gFZ8e5seNrJF+ySPQNdJk5KCiRFtZP/ancjngQQIpdM65Zjx+iOmULBJUxy7URDzPiA9aBlaMgC0O54dvSEnhilS/1ImQqRztTfE2MWaD0KPNMZMOzrRW8q/ue1EvSv3LEI4wQh5PNFfiIpRnSaAO0KBRzlyBDGlTC3Ut5ninE0OeVMCM7iy8ukfl5yLkrlh3KhcpPGkSVH5JgUiUMuSYXckyqpEU6eyDN5JW/W0Hqx3q2PeWvGSmcOyR9Ynz+WPZFY</latexit>

F✓(G, v)
<latexit sha1_base64="ILk41LxEha/owaMUjHeGTIqMBQo=">AAAB+nicdVDLSsNAFJ34rPXV6tLNYBFchUlpapcFNy4r2Ac0IUym03boZBJmJtUS8yluXCji1i9x5984fQgqeuDC4Zx7ufeeMOFMaYQ+rLX1jc2t7cJOcXdv/+CwVD7qqDiVhLZJzGPZC7GinAna1kxz2kskxVHIaTecXM797pRKxWJxo2cJ9SM8EmzICNZGCkplL7sLpl4eZFPoMQE7eVCqIBvV3ZrTgMh2kdNwXEOqroNQFTo2WqACVmgFpXdvEJM0okITjpXqOyjRfoalZoTTvOiliiaYTPCI9g0VOKLKzxan5/DMKAM4jKUpoeFC/T6R4UipWRSazgjrsfrtzcW/vH6qhw0/YyJJNRVkuWiYcqhjOM8BDpikRPOZIZhIZm6FZIwlJtqkVTQhfH0K/yedqu3U7dp1rdJsruIogBNwCs6BAy5AE1yBFmgDAm7BA3gCz9a99Wi9WK/L1jVrNXMMfsB6+wR3KpQl</latexit>

{xv}v2V
<latexit sha1_base64="At0gcVeIyo04WxN8XGzNC7gtiso=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCqyFT2tplwY3LKvYBnXHIpGkbmskMSaZYxi78FTcuFHHrb7jzb0wfgooeCBzOuZd7csKEM6UR+rCWlldW19ZzG/nNre2dXXtvv6niVBLaIDGPZTvEinImaEMzzWk7kRRHIaetcHg+9VsjKhWLxbUeJ9SPcF+wHiNYGymwD2+DEfSYgF6E9SAMs6vJTdadBHYBOahSLrlViJwycqtu2ZBi2UWoCF0HzVAAC9QD+93rxiSNqNCEY6U6Lkq0n2GpGeF0kvdSRRNMhrhPO4YKHFHlZ7P8E3hilC7sxdI8oeFM/b6R4UipcRSayWlK9dubin95nVT3qn7GRJJqKsj8UC/lUMdwWgbsMkmJ5mNDMJHMZIVkgCUm2lSWNyV8/RT+T5pFx604pctSoVZb1JEDR+AYnAIXnIEauAB10AAE3IEH8ASerXvr0XqxXuejS9Zi5wD8gPX2CVBPllI=</latexit>

xv 2 Rd

<latexit sha1_base64="9uHXlkPNq2S/33vie7z2kKQOBoE=">AAACAnicdVDLSgMxFM34rPVVdSVugkWoIENmaGu7K4jgsoJ9QKeUTJq2oZnMkGQqZShu/BU3LhRx61e4829MH4KKHrhwOOde7r3HjzhTGqEPa2l5ZXVtPbWR3tza3tnN7O3XVRhLQmsk5KFs+lhRzgStaaY5bUaS4sDntOEPL6Z+Y0SlYqG40eOItgPcF6zHCNZG6mQOveQ2F5+NTr1JJ5kR6DEBLyewk8kiG7mlQt6FyHYLqOyUDSkgp1zMQ8dGM2TBAtVO5t3rhiQOqNCEY6VaDop0O8FSM8LpJO3FikaYDHGftgwVOKCqncxemMATo3RhL5SmhIYz9ftEggOlxoFvOgOsB+q3NxX/8lqx7pXaCRNRrKkg80W9mEMdwmkesMskJZqPDcFEMnMrJAMsMdEmtbQJ4etT+D+pu7ZTtPPX+WylsogjBY7AMcgBB5yDCrgCVVADBNyBB/AEnq1769F6sV7nrUvWYuYA/ID19glNB5Ya</latexit>

{w(u, v)}(u,v)2E

<latexit sha1_base64="KGdtzA0MuG/Ko01PbzKtIbNMp/g="></latexit>

G = (V,E,X,W )

<latexit sha1_base64="iCs8GcOq1lc1YRWUZ9xG/J9f2P8="></latexit>

F✓(PAP>, PX) = F✓(A,X)

<latexit sha1_base64="srrF3pF/1Bt8BnEbQ44uv3cENf0="></latexit>

F✓(PAP>, PX, v) = F✓(A,X, v)

Permutation invariance

Permutation equivariance

<latexit sha1_base64="lBdelI1+8GoMmycH+K3b1plf21c=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rLoxmUV+4Amhslk0g6dPJi5EUsIbvwVNy4UcetXuPNvnLRZaOuBC4dz7uXee7yEMwmm+a0tLC4tr6xW1qrrG5tb2/rObkfGqSC0TWIei56HJeUsom1gwGkvERSHHqddb3RZ+N17KiSLo1sYJ9QJ8SBiASMYlOTq+3aIYeh52U1+l/muDfQBsjiFPHf1mlk3JzDmiVWSGirRcvUv249JGtIICMdS9i0zASfDAhjhNK/aqaQJJiM8oH1FIxxS6WSTF3LjSCm+EcRCVQTGRP09keFQynHoqc7iYDnrFeJ/Xj+F4NzJWJSkQCMyXRSk3IDYKPIwfCYoAT5WBBPB1K0GGWKBCajUqioEa/bledI5qVun9cZ1o9a8KOOooAN0iI6Rhc5QE12hFmojgh7RM3pFb9qT9qK9ax/T1gWtnNlDf6B9/gC3bphM</latexit>

Rdout



Idea: 
1. Encode each node (node’s neighborhood): node embedding 
2. Aggregate set of node embeddings into a graph embedding

(Message passing) Graph neural networks

…

Merkwirth-Lengauer 05; Gori-Monfardini-Scarselli 05; Scarselli-Gori-Tsoi-Hagenbuchner-Monfardini 09; Bruna et al 14; Dai et al 16; Battaglia 
et al. 16; Defferrard et al. 16; Duvenaud et al. 15; Hamilton et al. 17; Kearnes et al. 16; Kipf & Welling 17; Li et al. 16; Veličković et al. 18; 
Verma & Zhang 18; Ying et al. 18; Zhang et al. 18; … 



Node embedding: message passing

 

(Merkwirth & Lengauer 2005; Scarselli et al 2009; Bruna et al 2014; Dai et al 2016; Battaglia et al., 2016; Defferrard et al., 2016; Duvenaud et al., 2015; 
Hamilton et al., 2017; Kearnes et al., 2016; Kipf & Welling, 2017; Li et al., 2016; Velickovic et al., 2018; Verma & Zhang, 2018; Ying et al., 2018; Zhang et al., 
2018; …)

In each round k: 
Aggregate over neighbors 

Update: Combine with current node 

feature description 
of node u in round k-1



Shortcomings of message passing GNNs

• cannot distinguish certain graphs 
 
 
 
 
 
 

• => cannot express many structural functions, e.g., existence of k-cycle, 
diameter, etc
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Neural Networks for Graphs

• For good performance, (often) need more information: positional encodings

Positional 
encodings 

n x k

(Feldman et al 2022, Dwivedi et al 2022, Kreuzer et al 2021, Dwivedi & Bresson 2021, Mialon et al 2021)



Positional encodings from eigenvectors

PROCESSING



Positional Encodings from Laplacian eigenvectors

• Graph Laplacian: 
 
 

• eigenvalues                                  
 
eigenvectors 

• Captures distances, local structures, 
etc. 

(de Lange, de Reus, van den Heuvel 2014)

(Kreuzer, Beaini, Hamilton, Létourneau, Tossou 2021)



Functions on eigenvectors

 
 
 
 
 
 

Can we learn an arbitrary function on a set of eigenvectors (and eigenvalues)? 
 
What invariances must f have?

How parametrize architecture to approximate any such f ?



Necessary invariances

• Sign invariance: with all distinct eigenvalues,  
 

Solver may return     or       . 
 
 

• Eigenspaces: eigenvalue multiplicities 
 

Any basis for d-dimensional eigenspace is valid. 
Multiplicities are frequent in real data!

Invariances needed for generalization 



Necessary invariances

• Sign invariance: with all distinct eigenvalues,  
 

Solver may return     or       . 
 
 

• Eigenspaces: eigenvalue multiplicities 
 

Solver may return any basis for d-dimensional eigenspace.

for all Q in orthogonal group O(d)

+ multiple subspaces 
+ permutation equivariance …

V = [vi1, …, vid]



One subspace: sign invariance

Proposition 
                    is continuous and sign invariant if and only if 
for some continuous    . 
 
If    is also permutation equivariant, then so is    .

    

Universal Architecture: 
General    : 
Permutation equivariant   : (Zaheer et al 2017, Lee et al 2019)



One subspace: basis invariance

Proposition 
If                         is continuous and                                             , then 
                           for some continuous    . 

    

    

(VQ)(VQ)⊤ = V(QQ⊤)V⊤ = VV⊤



One subspace: basis invariance

Proposition 
If                         is continuous and                                             , then 
                           for some continuous    . 

If     is also permutation equivariant, then                           is permutation 

equivariant from matrices to vectors.

Universal approximation of basis-invariant functions 

General  :


Permutation equivariant  :

f
f

Invariant Graph Network (Maron et al 2018)



Multiple subspaces: group invariance

•                  bases of eigenspaces, 


• Invariance to change of basis in each eigenspace:

 
 
    invariant to 

• Sign invariance: 



Multiple subspaces: representation

Decomposition Theorem 
Under mild assumptions, every continuous   that is invariant to            
can be written as: 
 

1.      is     -invariant 
2. If              then can take             .

• Only need to do  invariance for  invariance!!

• => Universal Approximation of invariant continuous functions. 

Gi G1 × … × Gl

f(x1, …, xℓ) = ρ (ϕ1(x1), …, ϕℓ(xℓ))



Practical instantiations

 

• SignNet:  


       ,   :    DeepSets, Transformer, or GNN

 

• BasisNet:

f(x1, …, xℓ) = ρ (ϕ1(x1), …, ϕℓ(xℓ))

  order 2 (efficiency) or higher-order (universality)


  MLP, DeepSets, Transformer

ϕd = IGNd

ρ =

function on sequence / set / vector
function on set / graph  nodes / 
vector / matrix



Theoretical and empirical benefits

• Can approximate many positional encodings  
based on heat kernels (Feldman et al 2022), random walks (Dwivedi et al 2022), diffusion, p-step random walks (Mialon et al 
2021), generalized PageRank, landing probability distance encodings (Li et al 2019)


• Can approximate Spectral Graph Convolutions (Bruna et al 2014, Defferard et al 2016, Li 
et al 2019):


Lemma: There exist infinitely many pairs of graphs that BasisNet can 
distinguish, but spectral GNNs cannot.




Theoretical and empirical benefits

Lemma: can approximate spectral graph invariants (Cvetković 1991), e.g. graph angles 
➔ can express number of 3-, 4-, 5-cycles, connectivity, length-k closed walks. 
Message passing GNNs cannot!

 (Xu et al 2019)  (Vaswani et al) ϕ = GIN ρ = Transformer     = GIN (Xu et al 2019),     = MLP  



Texture reconstruction

• Neural fields on manifolds: eigenfunctions of Laplace-Beltrami operator as 
positional encodings
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f(p) = NN(v1(p), . . . , vk(p))



Beyond sign invariance



Beyond sign invariance

eigenvector sign invariant

Example: link prediction 
sign invariant representation => automorphic nodes have same representation



Beyond sign invariance

Sign equivariance helps!

eigenvector sign invariant sign equivariant



Sign equivariant network

• Idea 1: learn linear equivariant maps, interleave with equivariant nonlinearities 

• Problem: linear equivariant maps do not allow interaction between 
eigenvectors: 
 
 

<latexit sha1_base64="/GH4jkZqIXTVMNkfYuysAoF6LE8=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARKpSSFG8boeLGZQXbFNoQJpNJO2RyYWZSKKGv4cZXceNCEZe68m2ctFlo6w8DH/85hzPndxNGhTSMb620srq2vlHerGxt7+zu6fsHXRGnHJMOjlnMey4ShNGIdCSVjPQSTlDoMmK5wW1et8aECxpHD3KSEDtEw4j6FCOpLEc3rFr3FF7DvuWYcOyY9UEdWk5TYTPHAfNiKeZmoMzAdvSq0TBmgstgFlAFhdqO/jnwYpyGJJKYISH6ppFIO0NcUszItDJIBUkQDtCQ9BVGKCTCzmaXTeGJcjzox1y9SMKZ+3siQ6EQk9BVnSGSI7FYy83/av1U+ld2RqMklSTC80V+yqCMYR4T9CgnWLKJAoQ5VX+FeIQ4wlKFWVEhmIsnL0O32TAvGuf3Z9XWTRFHGRyBY1ADJrgELXAH2qADMHgEz+AVvGlP2ov2rn3MW0taMXMI/kj7+gGYfJxi</latexit>

W (V ) = [W1v1, W2v2, . . . , Wkvk]



Sign equivariant network

• characterize sign equivariant polynomials 

Theorem. A polynomial  is sign equivariant iff it can be written 
as 
 
 
 

 
Neural Network architecture: layer l has the form

p : ℝn×k → ℝn′￼×k

<latexit sha1_base64="81aadtxo1Bhn14uaSqvuapqaH2k="></latexit>

p(V ) = W (2)
⇣
(W (1)V )� pinv(V )

⌘

linear sign equivariant nonlinear sign invariant



Example empirical results: link prediction



Another application: rotational equivariance

• orthogonally equivariant models, e.g. for physical systems 


• “align” data with axes for canonical representation: 
 
 
 
 

• But: ambiguity of eigenvector sign flips!  
Sum over all sign flips (Puny et al., 2022, Atzmon et al., 2022, Xiao et al., 2020)


• Instead: make h sign equivariant   
=>                                    orthogonally equivariant (and universal)
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f(X) = h(XR)R>
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Outline
 

• A concrete example: (Graph) Neural Networks on eigenvectors 
D. Lim, J. Robinson, L. Zhao, T. Smidt, S. Sra, H. Maron, S. Jegelka. Sign and Basis Invariant Networks 
for Spectral Graph Representation Learning, ICLR 2023. 
D. Lim, J. Robinson, S. Jegelka, H. Maron. Expressive Sign Equivariant Networks for Spectral Geometric 
Learning. Neural Information Processing Systems (NeurIPS), 2023. 
 

• Sample complexity gains from learning with invariances 
B. Tahmasebi, S. Jegelka. The Exact Sample Complexity Gain from Invariances for Kernel Regression on 
Manifolds, Neural Information Processing Systems (NeurIPS), 2023.



Provable gains in sample complexity?

• In practice, learning with invariant models “works better”.


• In theory, do we get gains in sample complexity?



Setting: Kernel Ridge Regression

• data , on a compact boundaryless manifold


•                                with iid


•        is invariant to actions of group  

• Estimator:  
 
 
 

• without invariances, excess population risk (Sobolev space,  dimensions):

{(xi, yi)}n
i=1

G

d

<latexit sha1_base64="/xlkW/QSs2BECKt1KyoAEjmWjHI=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUnE17Loxo1QwT6gCWEynbRDJ5MwMxFDqL/ixoUibv0Qd/6N0zYLrR4YOJxzL/fMCRLOlLbtL6u0tLyyulZer2xsbm3vVHf3OipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNxldTv3tPpWKxuNNZQr0IDwULGcHaSH619uAz5DKB3AjrEcE8v5n41brdsGdAf4lTkDoUaPnVT3cQkzSiQhOOleo7dqK9HEvNCKeTipsqmmAyxkPaN1TgiCovn4WfoEOjDFAYS/OERjP150aOI6WyKDCT04hq0ZuK/3n9VIcXXs5EkmoqyPxQmHKkYzRtAg2YpETzzBBMJDNZERlhiYk2fVVMCc7il/+SznHDOWuc3p7Um5dFHWXYhwM4AgfOoQnX0II2EMjgCV7g1Xq0nq03630+WrKKnRr8gvXxDWWtlKE=</latexit>

xi 2 M
<latexit sha1_base64="z3l2ueq4MC5lLgIkiIMA8P7ZEzo=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQFcKMuF2EoBePEcwCyTj0dGqSJj0L3T1iGHLw4q948aCIVz/Cm39jJ5mDRh8UPN6roqqeF3MmlWV9Gbm5+YXFpfxyYWV1bX3D3NxqyCgRFOo04pFoeUQCZyHUFVMcWrEAEngcmt7gcuw370BIFoU3ahiDE5BeyHxGidKSaxaHLsPn2L/dL9+7bA8f4A7EknHtMdcsWRVrAvyX2BkpoQw11/zsdCOaBBAqyomUbduKlZMSoRjlMCp0EgkxoQPSg7amIQlAOunkiRHe1UoX+5HQFSo8UX9OpCSQchh4ujMgqi9nvbH4n9dOlH/mpCyMEwUhnS7yE45VhMeJ4C4TQBUfakKoYPpWTPtEEKp0bgUdgj378l/SOKzYJ5Xj66NS9SKLI4+KaAeVkY1OURVdoRqqI4oe0BN6Qa/Go/FsvBnv09ackc1so18wPr4BJjeWiQ==</latexit>

yi = f⇤(xi) + ✏i
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✏i ⇠ N (0,�2)
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Previous work

in the best case, effectively, sample size  is multiplied by group size 


• finite groups, isometric actions, on spheres; result in the limit  
(Bietti-Ventura-Bruna 2021)


• Random features, different regime (Mei-Misiakiewicz-Montanari 2021) 

• our generalization:


• arbitrary groups — additional reduction for infinite groups


• arbitrary manifold, not necessarily isometric (or linear) action

n |G |

other works:  
Sokolic et al 2017, Elesedy & Zaidi 2021, Elesedy 2021, Zhu et al 2021, Sannai et al 2021, Mroueh et al 2015



New results
• Classical bound without invariances (Sobolev space): 

 
 
 
 

• New: If functions also invariant to actions of group : 
 
 
 
 

quotient space : set of all orbits 

G

ℳ/G {g . x : g ∈ G}, ∀x ∈ ℳ
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in best case
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vol(M)/|G| for finite groups



New results

 

• 2 ways of reducing sample complexity:


• volume term generalizes Bietti et al 2021: #samples multiplied by  
  for finite groups


• exponent: new, relevant for infinite groups
n ⟶ n |G |
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Minimax optimality
Theorem 1: Upper bound 
 
 
 
 

 

Theorem 2: Lower bound
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Examples

• Sets, m elements, with permutation invariance: 
effective #samples   n  m! 

• Graphs on m nodes, with permutation invariance: 
effective #samples   n  m! 

• m Eigenvectors, with invariance to sign flips (SignNet) 
effective #samples   n  2m 

• m  m images, with 2d translation invariance 
effective #samples   n  m2 

×

×

×

×
×

<latexit sha1_base64="sTNBirX9Dp8LCy/J+vf1l0qw/Mw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8Ei1E1JpKgboSCCywr2AU0ok8mkHTp5dGYilNCNv+LGhSJu/Qx3/o3TNoi2HriXwzn3MnOPl3AmlWV9GUvLK6tr64WN4ubW9s6uubfflHEqCG2QmMei7WFJOYtoQzHFaTsRFIcepy1vcD3xWw9USBZH92qUUDfEvYgFjGClpa55GJSRMxym2Hd+2im6Ql2zZFWsKdAisXNSghz1rvnp+DFJQxopwrGUHdtKlJthoRjhdFx0UkkTTAa4RzuaRjik0s2mB4zRiVZ8FMRCV6TQVP29keFQylHo6ckQq76c9ybif14nVcGlm7EoSRWNyOyhIOVIxWiSBvKZoETxkSaYCKb/ikgfC0yUzqyoQ7DnT14kzbOKfV6p3lVLtZs8jgIcwTGUwYYLqMEt1KEBBMbwBC/wajwaz8ab8T4bXTLynQP4A+PjGxxSlXc=</latexit>

f( ) =
<latexit sha1_base64="sTNBirX9Dp8LCy/J+vf1l0qw/Mw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8Ei1E1JpKgboSCCywr2AU0ok8mkHTp5dGYilNCNv+LGhSJu/Qx3/o3TNoi2HriXwzn3MnOPl3AmlWV9GUvLK6tr64WN4ubW9s6uubfflHEqCG2QmMei7WFJOYtoQzHFaTsRFIcepy1vcD3xWw9USBZH92qUUDfEvYgFjGClpa55GJSRMxym2Hd+2im6Ql2zZFWsKdAisXNSghz1rvnp+DFJQxopwrGUHdtKlJthoRjhdFx0UkkTTAa4RzuaRjik0s2mB4zRiVZ8FMRCV6TQVP29keFQylHo6ckQq76c9ybif14nVcGlm7EoSRWNyOyhIOVIxWiSBvKZoETxkSaYCKb/ikgfC0yUzqyoQ7DnT14kzbOKfV6p3lVLtZs8jgIcwTGUwYYLqMEt1KEBBMbwBC/wajwaz8ab8T4bXTLynQP4A+PjGxxSlXc=</latexit>

f( ) =



Examples

• 3d point clouds, with invariance to translations, permutations, rotations 

1. effective #samples   n  m! 

2. effective dimension (exponent):  

×

<latexit sha1_base64="P0DDAKTzUX8H/5Fc+StYnrZ884U="></latexit>

d = dim(M) �! dinv = dim(M)�dim(G) = 3m� 6



Proof idea

•                               governed by approximation error/bias and degrees of 
freedom/variance


• controlled by “effective” dimension of function space 

• smooth invariant function                        corresponds to smooth function 
 

• project eigenspaces of Laplace-Beltrami operator

<latexit sha1_base64="d5dhPhjkAC33zlU1PwhCETfZAeI="></latexit>

E
h
R(f̂)�R(f⇤)

i
 32

✓
1

Cd�

2 vol(M/G)

n

◆s/(s+dinv/2)

· kf⇤kdinv/(s+dinv/2)
H

s
inv(M)

<latexit sha1_base64="6w41Av4fgLzU0OznWw3JhltncGw=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4Kon4wlXRjRuhin1AE8pkOmmHTh7MTIQSsnLjr7hxoYhbv8Gdf+OkzUJbDwycOede7r3HizmTyrK+jbn5hcWl5dJKeXVtfWPT3NpuyigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vMr91gMVkkXhvRrF1A1wP2Q+I1hpqWvu+RfICbAaEMzTmww5Kpr8PS+9y7pmxapaY6BZYhekAgXqXfPL6UUkCWioCMdSdmwrVm6KhWKE06zsJJLGmAxxn3Y0DXFApZuOz8jQgVZ6yI+EfqFCY/V3R4oDKUeBpyvzDeW0l4v/eZ1E+eduysI4UTQkk0F+wpG+Nc8E9ZigRPGRJpgIpndFZIAFJkonV9Yh2NMnz5LmUdU+rZ7cHldql0UcJdiFfTgEG86gBtdQhwYQeIRneIU348l4Md6Nj0npnFH07MAfGJ8/q/+YpQ==</latexit>

f : M ! R
<latexit sha1_base64="BwwN9bziSBqvxI1xk/YVZydaaDQ=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimkiBeYqpggAWpIPqQmqhyHKe16jiR7SBVUT6BhV9hYQAhVkY2/ganzQAtR7J0dM698j3HixmVyrK+jZnZufmFxdJSeXlldW3d3NhsyigRmDRwxCLR9pAkjHLSUFQx0o4FQaHHSMsbXOZ+64EISSN+r4YxcUPU4zSgGCktdc09R1HmkzTIzqETItXHiKU32cEVdFQ0Vjwvvcu6ZsWqWiPAaWIXpAIK1Lvml+NHOAkJV5ghKTu2FSs3RUJRzEhWdhJJYoQHqEc6mnIUEummo0AZ3NWKD4NI6McVHKm/N1IUSjkMPT2ZXygnvVz8z+skKjhzU8rjRBGOxx8FCYM6a94O9KkgWLGhJggLqm+FuI8Ewkp3WNYl2JORp0nzsGqfVI9vjyq1i6KOEtgGO2Af2OAU1MA1qIMGwOARPINX8GY8GS/Gu/ExHp0xip0t8AfG5w+Ay5zl</latexit>

f̃ : M/G ! R



Proof idea

•  smooth invariant function                        corresponds to smooth function 

• project eigenspaces of Laplace-Beltrami operator 
 

Intuition: 

• Sphere  with Fourier basis, 
, 


• : reflection about y axis 


• invariant bases: 
, 

𝕊1

sin(kθ), cos(kθ) ϕ0 ≡ 1
G

sin((2k + 1)θ), cos(2kθ) ϕ0 ≡ 1  = fraction of eigenfunctions 

invariant to 

N(λ; G)
N(λ)

G

<latexit sha1_base64="6w41Av4fgLzU0OznWw3JhltncGw=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4Kon4wlXRjRuhin1AE8pkOmmHTh7MTIQSsnLjr7hxoYhbv8Gdf+OkzUJbDwycOede7r3HizmTyrK+jbn5hcWl5dJKeXVtfWPT3NpuyigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vMr91gMVkkXhvRrF1A1wP2Q+I1hpqWvu+RfICbAaEMzTmww5Kpr8PS+9y7pmxapaY6BZYhekAgXqXfPL6UUkCWioCMdSdmwrVm6KhWKE06zsJJLGmAxxn3Y0DXFApZuOz8jQgVZ6yI+EfqFCY/V3R4oDKUeBpyvzDeW0l4v/eZ1E+eduysI4UTQkk0F+wpG+Nc8E9ZigRPGRJpgIpndFZIAFJkonV9Yh2NMnz5LmUdU+rZ7cHldql0UcJdiFfTgEG86gBtdQhwYQeIRneIU348l4Md6Nj0npnFH07MAfGJ8/q/+YpQ==</latexit>

f : M ! R
<latexit sha1_base64="BwwN9bziSBqvxI1xk/YVZydaaDQ=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimkiBeYqpggAWpIPqQmqhyHKe16jiR7SBVUT6BhV9hYQAhVkY2/ganzQAtR7J0dM698j3HixmVyrK+jZnZufmFxdJSeXlldW3d3NhsyigRmDRwxCLR9pAkjHLSUFQx0o4FQaHHSMsbXOZ+64EISSN+r4YxcUPU4zSgGCktdc09R1HmkzTIzqETItXHiKU32cEVdFQ0Vjwvvcu6ZsWqWiPAaWIXpAIK1Lvml+NHOAkJV5ghKTu2FSs3RUJRzEhWdhJJYoQHqEc6mnIUEummo0AZ3NWKD4NI6McVHKm/N1IUSjkMPT2ZXygnvVz8z+skKjhzU8rjRBGOxx8FCYM6a94O9KkgWLGhJggLqm+FuI8Ewkp3WNYl2JORp0nzsGqfVI9vjyq1i6KOEtgGO2Af2OAU1MA1qIMGwOARPINX8GY8GS/Gu/ExHp0xip0t8AfG5w+Ay5zl</latexit>

f̃ : M/G ! R



Proof idea

•                               governed by approximation error/bias and degrees of 
freedom/variance


• controlled by “effective” dimension of function space 

• e.g. variance: 

<latexit sha1_base64="d5dhPhjkAC33zlU1PwhCETfZAeI="></latexit>

E
h
R(f̂)�R(f⇤)

i
 32

✓
1

Cd�

2 vol(M/G)

n

◆s/(s+dinv/2)

· kf⇤kdinv/(s+dinv/2)
H

s
inv(M)

<latexit sha1_base64="Ezc1Pl0rKe1RCM5z/GHsEzQRT9w="></latexit>

tr
⇥
(⌃+ ⌘I)�1

⇤
=

X

�2Spec(M)

dim(V�,G)X

`=1

µ�

µ� + ⌘

dim of eigenspace of Laplace-Beltrami operator 
associated with eigenvalue λ

#{eigenvalues <  of Laplace-Beltrami operator}  
Challenge: we need this for the quotient space …
N(λ) = λ

ℳ/G



Proof idea

• project eigenspaces of Laplace-Beltrami operator to invariant functions 
 
 
 
 
 
 
 
 

• extends Weyl’s law to quotient space


• BUT: it’s not all that simple… 

<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>

M
Dimension Counting Theorem for invariant functions (quotient space): 
Smooth connected closed Riemannian manifold      , compact Lie group  (isometries).  
Then #eigenfunctions of the Laplace-Beltrami operator with eigenvalue at most  is

G
λ

<latexit sha1_base64="4+ZTBFj7HPLQIluuHv61KmybW60="></latexit>

#{�i : �i  �} ⇡ !dinv

(2⇡)dinv
vol(M/G)�dinv/2

<latexit sha1_base64="w4Y8P3Qri6bNGVKE4N/mvd0kel0=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUkDojvjZC0YVuhAr2AW0pmUzahiYzQ3KnWIb5CTf+ihsXirgV3Pk3po+Fth4InJxzL/fe44aCa7Dtbys1N7+wuJRezqysrq1vZDe3KjqIFGVlGohA1VyimeA+KwMHwWqhYkS6glXd3tXQr/aZ0jzw72EQsqYkHZ+3OSVgpFb2wGvFDWAPEHO/nyT4Ajckga6Sscdlkh99KBHxbXJ4vd/K5uyCPQKeJc6E5NAEpVb2q+EFNJLMByqI1nXHDqEZEwWcCpZkGpFmIaE90mF1Q30imW7Go6sSvGcUD7cDZZ4PeKT+7oiJ1HogXVM53FJPe0PxP68eQfu8ae4NI2A+HQ9qRwJDgIcRYY8rRkEMDCFUcbMrpl2iCAUTZMaE4EyfPEsqRwXntHByd5wrXk7iSKMdtIvyyEFnqIhuUAmVEUWP6Bm9ojfryXqx3q2PcWnKmvRsoz+wPn8AGlefZA==</latexit>

dinv = dim(M/G)

N(λ; G) =



Complications

• Weyl’s law does not always directly apply to quotient space  

• Quotient space                is not always a manifold


• Principal part               can have a boundary

<latexit sha1_base64="/O70fulrmXLaEY7/L+3/rojGRFQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqibia1l0oRuhgn1AG8pkOmmHTiZxZlIoId/hxoUibv0Yd/6NkzYLbT0wcDjnXu6Z40WcKW3b31ZhaXllda24XtrY3NreKe/uNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TljW4yvzWmUrFQPOpJRN0ADwTzGcHaSG43wHpIME/u05PbXrliV+0p0CJxclKBHPVe+avbD0kcUKEJx0p1HDvSboKlZoTTtNSNFY0wGeEB7RgqcECVm0xDp+jIKH3kh9I8odFU/b2R4ECpSeCZySykmvcy8T+vE2v/yk2YiGJNBZkd8mOOdIiyBlCfSUo0nxiCiWQmKyJDLDHRpqeSKcGZ//IiaZ5WnYvq+cNZpXad11GEAziEY3DgEmpwB3VoAIEneIZXeLPG1ov1bn3MRgtWvrMPf2B9/gCLyJH3</latexit>

M/G

<latexit sha1_base64="/O70fulrmXLaEY7/L+3/rojGRFQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqibia1l0oRuhgn1AG8pkOmmHTiZxZlIoId/hxoUibv0Yd/6NkzYLbT0wcDjnXu6Z40WcKW3b31ZhaXllda24XtrY3NreKe/uNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TljW4yvzWmUrFQPOpJRN0ADwTzGcHaSG43wHpIME/u05PbXrliV+0p0CJxclKBHPVe+avbD0kcUKEJx0p1HDvSboKlZoTTtNSNFY0wGeEB7RgqcECVm0xDp+jIKH3kh9I8odFU/b2R4ECpSeCZySykmvcy8T+vE2v/yk2YiGJNBZkd8mOOdIiyBlCfSUo0nxiCiWQmKyJDLDHRpqeSKcGZ//IiaZ5WnYvq+cNZpXad11GEAziEY3DgEmpwB3VoAIEneIZXeLPG1ov1bn3MRgtWvrMPf2B9/gCLyJH3</latexit>

M/G
<latexit sha1_base64="S2s1niKNCxcXYvC54QXqBEXx4lU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVzURX8uiC90IFewD2hAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstPXAwOGce7lnTpBwprTjfFuFpeWV1bXiemljc2u7bO/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuRSsVi8aBHCfUi3BcsZARrI/l2uRthPSCYZ3dj3zm+8e2KU3WmQIvEzUkFctR9+6vbi0kaUaEJx0p1XCfRXoalZoTTcambKppgMsR92jFU4IgqL5sGH6NDo/RQGEvzhEZT9fdGhiOlRlFgJicx1bw3Ef/zOqkOL72MiSTVVJDZoTDlSMdo0gLqMUmJ5iNDMJHMZEVkgCUm2nRVMiW4819eJM2TqntePbs/rdSu8jqKsA8HcAQuXEANbqEODSCQwjO8wpv1ZL1Y79bHbLRg5Tt78AfW5w8wxJLL</latexit>

M0/G

<latexit sha1_base64="I87M+CLNsLiLoE/YHAv1/ruhD6U=">AAACHnicbVDLSgMxFM34rPVVdekmWBRXZUasuhGKLnQjVLQP6NSSSe+0oZkHSUYsw3yJG3/FjQtFBFf6N2amXWjrgcDJufdw7z1OyJlUpvltzMzOzS8s5pbyyyura+uFjc26DCJBoUYDHoimQyRw5kNNMcWhGQognsOh4QzO03rjHoRkgX+rhiG0PdLzmcsoUVrqFMq2R1SfEh5fJXjvFGdfx4lvkjvLtvMXmabgQcUCXA40dcmkUyiaJTMDnibWmBTRGNVO4dPuBjTywFeUEylblhmqdkyEYpRDkrcjCSGhA9KDlqY+8UC24+y8BO9qpYvdQOjnK5ypvx0x8aQceo7uTLeXk7VU/K/WipR70o6ZH0YKfDoa5EYcqwCnWeEuE/piPtSEUMH0rpj2iSBU6UTzOgRr8uRpUj8oWUel8vVhsXI2jiOHttEO2kcWOkYVdImqqIYoekTP6BW9GU/Gi/FufIxaZ4yxZwv9gfH1AyNYoew=</latexit>

M = S1

G = reflections



Complications

• Weyl’s law does not always directly apply to quotient space  

• Quotient space                is not always a manifold


• Principal part               can have a boundary 
 
=> need boundary condition

<latexit sha1_base64="/O70fulrmXLaEY7/L+3/rojGRFQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqibia1l0oRuhgn1AG8pkOmmHTiZxZlIoId/hxoUibv0Yd/6NkzYLbT0wcDjnXu6Z40WcKW3b31ZhaXllda24XtrY3NreKe/uNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TljW4yvzWmUrFQPOpJRN0ADwTzGcHaSG43wHpIME/u05PbXrliV+0p0CJxclKBHPVe+avbD0kcUKEJx0p1HDvSboKlZoTTtNSNFY0wGeEB7RgqcECVm0xDp+jIKH3kh9I8odFU/b2R4ECpSeCZySykmvcy8T+vE2v/yk2YiGJNBZkd8mOOdIiyBlCfSUo0nxiCiWQmKyJDLDHRpqeSKcGZ//IiaZ5WnYvq+cNZpXad11GEAziEY3DgEmpwB3VoAIEneIZXeLPG1ov1bn3MRgtWvrMPf2B9/gCLyJH3</latexit>

M/G

<latexit sha1_base64="/O70fulrmXLaEY7/L+3/rojGRFQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqibia1l0oRuhgn1AG8pkOmmHTiZxZlIoId/hxoUibv0Yd/6NkzYLbT0wcDjnXu6Z40WcKW3b31ZhaXllda24XtrY3NreKe/uNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TljW4yvzWmUrFQPOpJRN0ADwTzGcHaSG43wHpIME/u05PbXrliV+0p0CJxclKBHPVe+avbD0kcUKEJx0p1HDvSboKlZoTTtNSNFY0wGeEB7RgqcECVm0xDp+jIKH3kh9I8odFU/b2R4ECpSeCZySykmvcy8T+vE2v/yk2YiGJNBZkd8mOOdIiyBlCfSUo0nxiCiWQmKyJDLDHRpqeSKcGZ//IiaZ5WnYvq+cNZpXad11GEAziEY3DgEmpwB3VoAIEneIZXeLPG1ov1bn3MRgtWvrMPf2B9/gCLyJH3</latexit>

M/G
<latexit sha1_base64="S2s1niKNCxcXYvC54QXqBEXx4lU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVzURX8uiC90IFewD2hAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtsstPXAwOGce7lnTpBwprTjfFuFpeWV1bXiemljc2u7bO/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8nfuuRSsVi8aBHCfUi3BcsZARrI/l2uRthPSCYZ3dj3zm+8e2KU3WmQIvEzUkFctR9+6vbi0kaUaEJx0p1XCfRXoalZoTTcambKppgMsR92jFU4IgqL5sGH6NDo/RQGEvzhEZT9fdGhiOlRlFgJicx1bw3Ef/zOqkOL72MiSTVVJDZoTDlSMdo0gLqMUmJ5iNDMJHMZEVkgCUm2nRVMiW4819eJM2TqntePbs/rdSu8jqKsA8HcAQuXEANbqEODSCQwjO8wpv1ZL1Y79bHbLRg5Tt78AfW5w8wxJLL</latexit>

M0/G

<latexit sha1_base64="I87M+CLNsLiLoE/YHAv1/ruhD6U=">AAACHnicbVDLSgMxFM34rPVVdekmWBRXZUasuhGKLnQjVLQP6NSSSe+0oZkHSUYsw3yJG3/FjQtFBFf6N2amXWjrgcDJufdw7z1OyJlUpvltzMzOzS8s5pbyyyura+uFjc26DCJBoUYDHoimQyRw5kNNMcWhGQognsOh4QzO03rjHoRkgX+rhiG0PdLzmcsoUVrqFMq2R1SfEh5fJXjvFGdfx4lvkjvLtvMXmabgQcUCXA40dcmkUyiaJTMDnibWmBTRGNVO4dPuBjTywFeUEylblhmqdkyEYpRDkrcjCSGhA9KDlqY+8UC24+y8BO9qpYvdQOjnK5ypvx0x8aQceo7uTLeXk7VU/K/WipR70o6ZH0YKfDoa5EYcqwCnWeEuE/piPtSEUMH0rpj2iSBU6UTzOgRr8uRpUj8oWUel8vVhsXI2jiOHttEO2kcWOkYVdImqqIYoekTP6BW9GU/Gi/FufIxaZ4yxZwv9gfH1AyNYoew=</latexit>

M = S1

G = reflections



Summary

• Encoding invariances into the machine learning model can have  
empirical and theoretical benefits


• Widely relevant


• Challenge: finding the “right” models, proving benefits  
(deep learning models?)
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