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Theory meets practice: CIFAR-5m

Empirical risk

= SGD n = 4,000

= Volterra n = 4,000
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1072 = Streaming SGD
= Streaming Volterra
[CIFAR-5m, Random Features|
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log(eigenvalues) iterations

min [|o(CIFAR - W)x — b|?

Using a random features model to predict CIFAR-5m (Nakkiran et al., '21)
car/plane, the Volterra equation (using the Hessian spectra an input)
gives good predictions for behavior of SGD.
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Typical Machine Learning Problems

min £(X) ==Y fi(x)

XeRd n<
High dimensional < large number of features (d) and samples (n)

v State-of-the-art models have millions/billions parameters
e Meena: 2.6 billion, Turing NLG: 17 billion, GPT-3: 175 billion



Typical Machine Learning Problems

min £(X) ==Y fi(x)

XeRd n<
High dimensional < large number of features (d) and samples (n)

v State-of-the-art models have millions/billions parameters
e Meena: 2.6 billion, Turing NLG: 17 billion, GPT-3: 175 billion

v Ratio of features (d) to samples (n) is constant, d* < n < d*/@
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Andrew Cheng, data from “Parameter Counts in Machine Learning”, lesswrong.com, 2023



h-dimensions

What's different about high-dimensions?

Input which generates worst complexity can be far from typical
“more room = more possibilities”



gh-dimensions

What's different about high-dimensions?

Input which generates worst complexity can be far from typical
“more room = more possibilities”

Probability distribution on the inputs

Remark: Some results will hold for deterministic designs

Statistical learning (Mei & Montanari '19, Adlam & Pennington '21, Louart & Liao & Couillet '18)
Numerical Methods (Trogdon & Deift '19, Chandrasekher '21)



High-dimensional linear composites

in {R(X)=E..[f(a" X;a” X*,
Xer%'d”m{ (X) elf(a’ X;a" X* e)]}

a~ N(0,K) data
Covariance K =E[aa’], ||K]lop bounded, independent of d
¢ is label noise, X* € RIxm"

Idea: Think of ¥ : R — R as pseudo-Lipschitz and low
dimensional, i.e. m, m* < d large




High-dimensional linear composites

in {R(X)=E..[f(a" X;a” X*,
Xer%'d”m{ (X) elf(a’ X;a" X* e)]}

a~ N(0,K) data
Covariance K =E[aa’], ||K]lop bounded, independent of d
¢ is label noise, X* € RIxm"

Idea: Think of ¥ : R — R as pseudo-Lipschitz and low
dimensional, i.e. m, m* < d large

What does this allow?

e GLMs, multi-index models
e e.g., multi-class logistic regression m = number of classes

e X* — ground truth signal, mean of data, fixed vector



One-pass SGD

a _ Ty. T yx
Xg;gdnxm{R(X)—Ea,E[f(a X;a' X*,e)l}

One-pass SGD: Generate new (ax1, €x41)

Xir1 = Xk — %akﬂ ® Vf(akTHXk),



One-pass SGD

min {R(X) = Ea,g[f(aTX§ a’ X*, 6)]}

XeRdxm

One-pass SGD: Generate new (ax1, €x41)

Xir1 = Xie — %3“1 ® Vf(aj,1Xk),

For large models, as

parameters  d
— = — >,
samples n

o R(Xk) i>(smooth function)

e Analyze this smooth function

population risk, KL

e Determined by the spectrum

of the covariance matrix
K =E[aa"]

0 10 40 50

20 30
SGD iterations/d



Deterministic Statistics:

Why?

e High-dimensional compositional structure, a’ X averages out d



Deterministic Statistics:

Why?
e High-dimensional compositional structure, a’ X averages out d

o Let W& [X|X*]. Lots of statistics can be represented by

XTq(K)X  XTq(K)X*
(X*)Ta(K)X  (X*)Ta(K)X*
T

).

o(X) =g(WTq(K)W) =g (

)

Examples: Risk R(X), |[VR||?, distance to optimality ||X — X*||?

where g is a polynomial, K = E[aa



Least squares:

R(X) = Ealtr((a” X—(a" X*+€)))] = tr((X = X*)TK(X = X*)+E [tr(ee")]



Least squares:
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Logistic Loss (binary, noiseless): Student-teacher generate targets
T y*
= %. Then the risk becomes

exp(a’ X*)

X)=E,|—-a"X ——=—__"—_"_
R(X) ? exp(a’ X*) +1

+ log (exp(a™ X) +1) |.



Least squares:
R(X) = Eaftr((a” X—(a” X*+€))?)] = tr((X — X*)TK(X — X*))+E[tr(ee)]

Logistic Loss (binary, noiseless): Student-teacher generate targets
exp(a’ X*)

= el X Then the risk becomes

exp(a’ X*)

— 4| X 1)]|.
Sy o (ola X))

R(X)=E,| —a’X
Why? Let a’ X ~ N(0, X "KX)

E ,[log (exp(a” X) + 1)] = E [ log(exp(VXTKXw)+1)], w ~ N(0,1)



Dynamics of Covariance Matrix

Lots of statistics can be represented by
)

XTq(K)X  XTq(K)X*
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)
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o(X) =g(WTq(K)W) =g (

where g is a polynomial, K = E[aa'].

Take away: To understand dynamics of SGD amounts to
understanding low-dimensional covariance matrix

for any polynomial g, WTq(K)W = S(W;z) &f WTR(z; K)W

where R(z; K) = (z — K)~! resolvent of K, z € C\ (spectrum K).



Dynamics of Covariance Matrix

Lots of statistics can be represented by
)

XTq(K)X  XTq(K)X*

¢(X)—g(WTq(K)W)_g< (X*)Tq(K)X (X*)Tq(K)X*

where g is a polynomial, K = E[aa'].
Take away: To understand dynamics of SGD amounts to
understanding low-dimensional covariance matrix

for any polynomial g, WTq(K)W = S(W;z) &f WTR(z; K)W

where R(z; K) = (z — K)~! resolvent of K, z € C\ (spectrum K).

Remark:

WTq(K)W = i q(z)W'R(z; K)W dz
27TI r



Main Result

Continuous time scale: iterates of SGD k = td, where t ¢ R

S(W: 2) % def WTR(z; KW, where R(z; K) is resolvent of K, W = [X|X*]
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Main Result

Continuous time scale: iterates of SGD k = td, where t ¢ R
S(W;z) & WTR(z; K)W, where R(z; K) is resolvent of K, W = [X|X*]

Theorem: High dimensional concentration of SGD
(C.P.-E.Collins-Woodfin-I. Seroussi-E. Paquette)
For a fixed T > 0,

Pr( sup [S(Weaji2z)— L(t;2) || >d=C) <d=P
0<t<T ~—— ——
SGD detfirr?;it?ci)sr;cic

and, for any p(X) = g(WTq(K)W),

Pr ( I |o(Xiea)) = () |>d€) <d™P
0<t< N—— ~—~

SGD deterministic
function
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Main Result

Continuous time scale: iterates of SGD k = td, where t ¢ R
S(W;z) & WTR(z; K)W, where R(z; K) is resolvent of K, W = [X|X*]

Theorem: High dimensional concentration of SGD
(C.P.-E.Collins-Woodfin-I. Seroussi-E. Paquette)
For a fixed T > 0,
Pr( sup [|S(Wi;z)— SL(t;i2) || > d*C) <d P
0<t<T N——" N——

SGD deterministic
function

and, for any p(X) = g(WTq(K)W),

Pr ( I |o(Xiea)) = () |>d€) <d™P
0<t< —~— ~~

SGD deterministic
function
v Deterministic function . defined by ODE (see later)

v Statistic A .
o) =¢( f a2 (1:2) az)

1
* ¢ will also satisfy an ODE. 0



Example: Phase Retrieval

Problem: Find x € RY such that
(a™X)? = (a"X*)?, acR?

Optimization formulation:

min  {R(X) d:EfEa[((aT

XeR?
0.5
0.41 | €
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SGD iterations

and X* € R? true signal

X2 = (a"X*2)1}

— y-o0zs
— y=005
— y=01
— y=02
— y=04
— y=08
v=16
v=32

o5 o7 o8 o8
[1X]1&/11x" Iz norm
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Exact Dynamics ldea: Diffusion Approximation

Time scale: k iterates of SGD = td, where t € R
Homogenized SGD (C.P.-E.Collins-Woodfin-I. Seroussi-E. Paquette)

d.2; = -7 VxR(Z:) dt

+7e(V/KTd @ \JE 0 [Vuf (a7 X; aTX*, )92, dBe) agoo
2o = Xo and (B; : t >0) is a d-dimen. standard Brownian motion

e New diffusion process (Li et al., Mandt et al.)

e Continuous time is made by d — oo instead of stepsize v — 0,
t = 1 means n SGD updates

e %2 mean/covari ame as Xf‘t?l?, Goal: o(Z:) ~ ‘P(Xft?j?)

12



Exact Dynamics ldea: Diffusion Approximation

Time scale: k iterates of SGD = td, where t € R
Homogenized SGD (C.P.-E.Collins-Woodfin-I. Seroussi-E. Paquette)

d.2; = -7 VxR(Z:) dt

+7e(V/KTd @ \JE 0 [Vuf (a7 X; aTX*, )92, dBe) agoo
2o = Xo and (B; : t >0) is a d-dimen. standard Brownian motion

e New diffusion process (Li et al., Mandt et al.)
e Continuous time is made by d — oo instead of stepsize v — 0,
t = 1 means n SGD updates

e %2 mean/covari ame as Xf‘tfl?, Goal: o(Z:) ~ ‘P(Xft?j?)

Theorem: High dimensional equivalence of SGD
(C.P.-E.Collins-Woodfin-I. Seroussi-E. Paquette)
For any o(X) = g(WTq(K)W),
Pr( sup_[o(Xju)) =9 (2:)|>d™C) <d™®
T ——

o<t<
diffusion 12



Deterministic equivalent of ¢

Assumption: Statistic p(X) = g(WTq(K)W)
Homogenized SGD

d.2; = -, VR(Z;)dt

+ 7 (V/K]d @ \[E . [VF(aT 2,)%),dBy) aso

13



Deterministic equivalent of ¢

Assumption: Statistic p(X) = g(WTq(K)W)
Homogenized SGD

d.2; = -, VR(Z;)dt

+ 7 (V/K]d @ \[E . [VF(aT 2,)%),dBy) aso

Intuition: Apply It Calculus

dp(Z2:) = —7(Ve(2:), VR(Z:))dt  (grad. flow)

+ 1L (V2p(2:), K O E . [VF(aT 2;:)%%)) dt (SGD noise)

2d
+ incremental martingale

def F(S(#%; z)) + incremental martingale

All the quantities are functions

SWe2) E W Rz KWy Wi = [2:1X7).

13



Deterministic equivalent

Idea: Set p(2:) = S(#4;z) in Ito (and drop martingale)

dS(#4:2) = G(S(W4; 7)) + incrementat-martingale

= ODE for deterministic equivalent . (t, z) for S(#%, z)

d.7(t,z) = G(S(t, z))

14



Deterministic equivalent

Idea: Set p(2:) = S(#4;z) in Ito (and drop martingale)

dS(#4:2) = G(S(W4; 7)) + incrementat-martingale

= ODE for deterministic equivalent . (t, z) for S(#%, z)

d.7(t,z) = G(S(t, z))

ODE for Deterministic Equivalent:

dS(%,Z) = g(S(%,Z)) = d,f//(t;z = Q(V(t,z)) <= solve numerically
do(Zy) = F(S(Wri2)) = do(r) = F((t2))

where ¢ is the deterministic equivalent of ¢(X)

14



Main Result

Theorem: High dimensional equivalence of SGD
(C.P.-E.Collins-Woodfin-I. Seroussi-E. Paquette)
For any ¢(X) = g(WTq(K)W),

Pr sup |o(Xjea)) — ¢ (23)|>d ) <d=P
O=e<T e

and
Pr( sup o (Z:) —o(t)] > d_c) <dP
T ~—~—

0<t<
diffusion

15



Why Interesting?

Optimization Question

What choice of learning rate ensures distance to optimality decreases at
each iteration of SGD?

— Can't do this with SGD because of the stochasity in the gradients
— Can ask on the deterministic equivalent of the distance to
optimality, ||X — X*||?,

What stepsize is needed for || X — X*||?> to be a decreasing function?

16



Intuition-Critical Threshold

Deterministic equivalent of || X — X*||2:

sup_[|[Xjea) — X*IIP = 22(t)| < d°
0<t<T

where

d 72 A(‘y‘):E37€[<X_X*’Vf(X;X*)>]’
TP = —2pAS) + 2 w(K)I(S), § 1) = EadIVG <))
t d !
where (x @& x*) ~ N(0, W' KW).

17



Intuition-Critical Threshold

Deterministic equivalent of || X — X*||2:

sup_[|[Xjea) — X*|IP = 22(t)| < d°
0<t<T

where

d 5 A(S) = Ea[{(x — x*, VF(x; x*))],
=P = “2A(S) + L t(K)I(S), { () =EacllVFGix ]
where (x @ x*) ~ N(0, WT KW).
Critical learning rate (d2? < 0)
,ycritical _ 2A(“9ﬁ(t; Z))
t ot
(8 2))

17



Intuition-Critical Threshold

Deterministic equivalent of | X — X*||%:
sup_ [ Xjeq) — X*|I? = 2%(t)| < d7°
0<t<T

where

d —_

2 A(y) :Ea,eKX_X*’Vf(X;X*))]’
=P = 2 A(F) + L r(K)I(.P),

I(7) = B [l VF(x x*)|12],
where (x @ x*) ~ N(0, WT KW).
Critical learning rate (d2? < 0)

critical 2A(L9ﬁ(t; Z)) > 2q A(Lr' 7(t; Z))
= ,  Where ——= >
C () T T (t2) =

e Functions A(.¥) and I(.¥’) — don't carry K or d

e Lower bound A and /| based on convexity/smoothness assumptions of f

e Critical stepsize depends on average eigenvalue of K

17



Convergence rate

Theorem: Convergence of strongly convex
(C.P.-E.Collins-Woodfin-1. Seroussi-E. Paquette)

Suppose f is ji-strongly convex and [-Lipschitz gradients. for some
0< (<1, thenforallt>0

Z(t) < e 22(0),

critical

where v <

(convergence rate) a=

|\>“‘;>

N N
>
3
=
—~~
X
N

18



Logistic regression

2A(L(t; 2))

critical __
) .
(L (t 2))
10t ! i
_____________________7__,A:__/___
Z !
o_10-1 i
z i
0 :
é 10°3 : —— Marchenko-Pastur, max eig. = 2.23
g : —— g = 2.0, max eig. = 2.58
"é - ! —— g = 2.5, max eig. = 3.05
9 ! —— g = 3.0, max eig. = 3.52
= ! —— g = 3.5, max eig. = 4.01
| - g =
L) o ; g = 4.0, max eig. = 4.50
: g = 8.0, max eig. = 8.47
! - -~ initialization, |[Xo — X *||?
]
2 4 6 8 10 12 14

learning rate

Caption: Covariance matrix K = diag(c?? : i =1,...,1000), tr(K)/d = 1.
19



Least Squares

Focus on the Least Squares Problem with extensions
(e.g., multi-pass)

20



Our framework

ik 2 _ i der N~ LTy
o ey T R
=1 N———
fi(x)

with random A € R"™*?, b € R" random vector

Multi-pass SGD  Select index ik Xip1 = Xk — 7 Vi, (Xk)

21



Our framework

ik 2 _ i der N~ LTy
o ey T R
=1 N———
fi(x)

with random A € R"™*?, b € R" random vector

Multi-pass SGD  Select index iy, Xxi11 = Xk — Y V£ (Xk)

For large models, as ¢ — r,
o LX) 25 Z(t) (smooth
function)

SGD (convex)

e Determined by the spectrum
of the Hessian

function values

—— Volterra

. 0 =64 e Homogenized SGD (C.P.-E.

BN n =256 Paquette, NeurlPS '21 & Mori '21)
107 mmm n=1024 uene

= 4096 d2: = —y(t)VL(Z:) dt

100 10T 102

epochs +t %L(.,%)ATA dB: o1



Remove Gaussian Assumption...

‘ Hessian of least squares: H = ATA‘

Assumptions on data matrix (Bai & Silverstein '10, Benigni & Peche '19)

1. model size (d) and # of samples (n) polynomially related
d* < n< d"® for some a c (0,1)
2. Mild assumptions on eigenvalues A\nax and A, of H

3. De-localization of eigenvectors of AAT: eigenvectors are not aligned
with the unit vectors
e.g., if A;j ~ N(0,1), then eigenvectors of H ~ Unif(S?~1)
e lIsotropic features. Entries of A ~ N(0,1)
e Sample covariance matrices. independent samples w/ covariance
between features
e Random features. A = o(ZV) where o is an activation function

22



Real world predictions: MNIST

Expected Risk:

1
R(Xk) = E]E[(b—XkTa)2|Xk] where (a,b) ~ D, X, = SGD iterate on L

23



Real world predictions: MNIST

Expected Risk:
1
R(Xy) = E]E[(b—XkTa)2|Xk] where (a,b) ~D, X, = SGD iterate on L

Training, MNIST

1
A =0o(MNIST-W)

s MNIST N

102
2
%)
=4

3 6 x 101

4x 10!

DP==r 0 5 10 ToT 102
log(eigenvalues) epochs

Expected Risk, MNIST

6x 1072
— SGD, y= 0.8
5% 10—2 —— Volterra, y= 0.8
—— SGD, y= 0.4
—— Volterra, y= 0.4
4x107? —— SGD, y= 0.2
~—— Volterra, y= 0.2
SGD, y= 0.1
3x10-2 Volterra, y= 0.1
10° 10T 102
epochs
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Phase transition & Asymptotics

Phase transition stepsize

1
Ve = =) 2
zin fO m du(X) 109 Convergence rates ‘
Theorem r=0.12
(C.P.-Lee-E. Paquette-Pedregosa, COLT '21) : :813
For small v < 7., — =020
U — =025
1 — =033
_ = a—29tAmin — =050
Z(t) — ZL(o0) ~ e . o
Loy 5 10 5
For large v > ~., 3 non-linear \*(7) Stepsize

and Z(t) — Z(c0) ~ %672Vt)\*(7).

24



Large batch: SGD+M

n

min f||AX b|> = rng {E(X) d:efzf( X - by) }7

X€eR

B
with batch B C [n],  batch fraction ( = &f ‘n|

Multi-pass SGD Ye=A -Y1+7-¢ Z Vi (Xi)
+ momentum (SGD+M) X, 1 = Xi — Yk LS

25



Large batch: SGD+M

n

min f||AX b|> = rng {E(X) d:efzf(a-TX — bj) }7

X€eR

B
with batch B C [n], batch fraction ( = of ‘n|

Multi-pass SGD Yi=A-Yio1+7-¢Y_ VA (X)
+ momentum (SGD+M) X, 1 = X — Y& eB

e Concentration of £(Xy) — -Z(k) deterministic, discrete not
continuous

(C.P.-Lee-Cheng-E. Paquette)

25



ergence of SGD+M with batches

Theorem (C.P.-Lee-Cheng-E. Paquette)

. B 1/k _ =il
k||_>moo($(k) Z(00))/* = max { \/\’/ ’\/}
GD+M noise

0.8

[batch fraction, £ = 0.85] [batch fraction, [batch fraction, {= 0.85]

oS
i

J
o
convergence rate

1/Malthusian
o
®

learning rate, y
S
S
o

°
N

(O Polyak parameters.
) Average-case, optimal

o
By

°
=

04 06 08
momentum, A

14
(batch fraction, 7= 0.7) (batch fraction, ¢ = 0.25)
08
-
v [d
©06 &
g
2} )
‘g4 §
5 0.5
o §
02 S

o

%80 o2 08

04 06
momentum, A
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Nearly-optimal parameters

7”(/47—/4) < 7)\max(ATA) *f (classic)
min(ATA) )\min(ATA) -

=

Q.
Wl

>|s

(average) & =

27



Nearly-optimal parameters

Condition numbers

=

Q.
Wl

> s

e

B tr(AT A) Amax(ATA) def
(average) & = =

o\ T ZmaxtAt 7 et (classi
(ATA) < Aol ATA) k (classic)

Theorem (C.P.-Lee-Cheng-E. Paquette)
Suppose (near optimal parameters)

rate of SGD rate of GD+M

Then
lim (L(k) — Z(c0))Vk = A

k—o00

27



Large vs Small batch: Convergence

Jlim (Z(k) = Z(00)/* = max{ (1 - (l—gﬁ)r‘e)2 ’ (1 - \/1E)2 }

1 T _
_def Str(ATA) . . def R average

average) Kk = +———=, Iimplicit conditioning ratio, ICR = —(— = ——=.
( ge) Amin(ATA) i € VE  classic

28



Large vs Small batch: Convergence

e

(average) & w5 trATA) implicit conditioning ratio, ICR <! R__ average
K = b = — = .
Amin(ATA)’ VvV V/classic
Phase transition —— MNIST, random features d=1000
o —— d=3500
3 —— d=6000
(C.P.-Lee-Cheng-E. Paquette) % 4 v 100 o 7-ick
e Large batch: ¢ > ICR g
§3><103
SGD+M linearly at rate O(1/\/k) &
and SGD+M accelerates =
2x103
0.00 0.05 0.10 0.15 0.20 0.25 0.30
zeta, T

e Small batch: ¢ <ICR

SGD+M linearly at rate O((/R)
SGD+M & SGD

Related work: Bollapragada-Chen-Ward, '23

Saturating batch fraction —
after which increasing the batch
fraction does not improve
convergence.
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Thank youl!
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