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Gen Li, UPenn → CUHK Wei Fan, UPenn

“A non-asymptotic framework for approximate message passing in spiked models,”
Gen Li, Yuting Wei, arxiv.2208.03313

“Approximate message passing from random initialization with applications to Z2

synchronization,” Gen Li, Wei Fan, Yuting Wei, PNAS, 2023



High-dimensional statistical tasks

Statistical tasks: solution to convex/non-convex optimization problems
e.g. linear regression, generalized linear models, low-rank matrix
estimation, phase retrieval, tensor decomposition...

When problem sizes are large, computation complexity is an issue!
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Statistical accuracy vs. computation complexity

statistical-to-computational gap in problems with combinatorial
nature (e.g. community detection, planted cliques, sparse principal component

analysis, structured matrix models, sparse tensor models...)

“I can’t find  an efficient algorithm,  but neither can all these people.” 
 

| {z }

1

<latexit sha1_base64="C4uA/Fm1YrWBXJJ55OuFEEHnftM=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZEXXhouDGZQX7gHYomTTThiaZIbkjlqFu/BU3LhRx61+4829M21lo64HAyTn33uSeMBHcgOd9O4Wl5ZXVteJ6aWNza3vH3d1rmDjVlNVpLGLdColhgitWBw6CtRLNiAwFa4bD64nfvGfa8FjdwShhgSR9xSNOCVip6x50gD1AZsDeDVhZYMElh3HXLXsVbwq8SPyclFGOWtf96vRimkqmgApiTNv3Eggyou1UwcalTmpYQuiQ9FnbUkUkM0E23WCMj63Sw1Gs7VGAp+rvjoxIY0YytJWSwMDMexPxP6+dQnQZZFwlKTBFZw9FqcAQ40kcuMc1oyBGlhCquf0rpgOiCQUbWsmG4M+vvEgapxX/vOLfnpWrV3kcRXSIjtAJ8tEFqqIbVEN1RNEjekav6M15cl6cd+djVlpw8p599AfO5w+UupeY</latexit>

statistical limit
<latexit sha1_base64="HHD2H34LzlgrkVccav6eK8yPHTI=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZEXXhouDGZQX7gHYomTTThiaTIbkjlqFu/BU3LhRx61+4829Mp11o64HA4Zx7uTknTAQ34HnfTmFpeWV1rbhe2tjc2t5xd/caRqWasjpVQulWSAwTPGZ14CBYK9GMyFCwZji8nvjNe6YNV/EdjBIWSNKPecQpASt13YMOsAfIqJJJCrmGBZccxl237FW8HHiR+DNSRjPUuu5Xp6doKlkMVBBj2r6XQJARDZwKNi51UsMSQoekz9qWxkQyE2R5gjE+tkoPR0rbFwPO1d8bGZHGjGRoJyWBgZn3JuJ/XjuF6DLIeGzTsZhOD0WpwKDwpA7c45pRECNLCNXc/hXTAdGEgi2tZEvw5yMvksZpxT+v+Ldn5erVrI4iOkRH6AT56AJV0Q2qoTqi6BE9o1f05jw5L8678zEdLTiznX30B87nD6oHl6Y=</latexit>

computation limit

<latexit sha1_base64="p91K6jIRh/PeKKRtm/aq5WzHmIk=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjMi6sFDwIsniUsWTIbQ06lJmvT0DN01YhjyF148KOLVv/Hm39hZDhp9UPB4r4qqekEihUHX/XJyC4tLyyv51cLa+sbmVnF7p27iVHOo8VjGuhkwA1IoqKFACc1EA4sCCY1gcDH2Gw+gjYjVHQ4T8CPWUyIUnKGV7tsIj5jdXt2MOsWSW3YnoH+JNyMlMkO1U/xsd2OeRqCQS2ZMy3MT9DOmUXAJo0I7NZAwPmA9aFmqWATGzyYXj+iBVbo0jLUthXSi/pzIWGTMMApsZ8Swb+a9sfif10oxPPMzoZIUQfHpojCVFGM6fp92hQaOcmgJ41rYWynvM8042pAKNgRv/uW/pH5U9k7K3vVxqXI+iyNP9sg+OSQeOSUVckmqpEY4UeSJvJBXxzjPzpvzPm3NObOZXfILzsc3se6Q6g==</latexit>

SNR

— see survey Bandeira, Perry, Wein’18
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Statistical accuracy vs. computation complexity

statistical-to-computational gap in problems with combinatorial
nature (e.g. community detection, planted cliques, sparse principal component

analysis, structured matrix models, sparse tensor models...)

<latexit sha1_base64="C4uA/Fm1YrWBXJJ55OuFEEHnftM=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZEXXhouDGZQX7gHYomTTThiaZIbkjlqFu/BU3LhRx61+4829M21lo64HAyTn33uSeMBHcgOd9O4Wl5ZXVteJ6aWNza3vH3d1rmDjVlNVpLGLdColhgitWBw6CtRLNiAwFa4bD64nfvGfa8FjdwShhgSR9xSNOCVip6x50gD1AZsDeDVhZYMElh3HXLXsVbwq8SPyclFGOWtf96vRimkqmgApiTNv3Eggyou1UwcalTmpYQuiQ9FnbUkUkM0E23WCMj63Sw1Gs7VGAp+rvjoxIY0YytJWSwMDMexPxP6+dQnQZZFwlKTBFZw9FqcAQ40kcuMc1oyBGlhCquf0rpgOiCQUbWsmG4M+vvEgapxX/vOLfnpWrV3kcRXSIjtAJ8tEFqqIbVEN1RNEjekav6M15cl6cd+djVlpw8p599AfO5w+UupeY</latexit>

statistical limit
<latexit sha1_base64="HHD2H34LzlgrkVccav6eK8yPHTI=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZEXXhouDGZQX7gHYomTTThiaTIbkjlqFu/BU3LhRx61+4829Mp11o64HA4Zx7uTknTAQ34HnfTmFpeWV1rbhe2tjc2t5xd/caRqWasjpVQulWSAwTPGZ14CBYK9GMyFCwZji8nvjNe6YNV/EdjBIWSNKPecQpASt13YMOsAfIqJJJCrmGBZccxl237FW8HHiR+DNSRjPUuu5Xp6doKlkMVBBj2r6XQJARDZwKNi51UsMSQoekz9qWxkQyE2R5gjE+tkoPR0rbFwPO1d8bGZHGjGRoJyWBgZn3JuJ/XjuF6DLIeGzTsZhOD0WpwKDwpA7c45pRECNLCNXc/hXTAdGEgi2tZEvw5yMvksZpxT+v+Ldn5erVrI4iOkRH6AT56AJV0Q2qoTqi6BE9o1f05jw5L8678zEdLTiznX30B87nD6oHl6Y=</latexit>

computation limit

<latexit sha1_base64="p91K6jIRh/PeKKRtm/aq5WzHmIk=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjMi6sFDwIsniUsWTIbQ06lJmvT0DN01YhjyF148KOLVv/Hm39hZDhp9UPB4r4qqekEihUHX/XJyC4tLyyv51cLa+sbmVnF7p27iVHOo8VjGuhkwA1IoqKFACc1EA4sCCY1gcDH2Gw+gjYjVHQ4T8CPWUyIUnKGV7tsIj5jdXt2MOsWSW3YnoH+JNyMlMkO1U/xsd2OeRqCQS2ZMy3MT9DOmUXAJo0I7NZAwPmA9aFmqWATGzyYXj+iBVbo0jLUthXSi/pzIWGTMMApsZ8Swb+a9sfif10oxPPMzoZIUQfHpojCVFGM6fp92hQaOcmgJ41rYWynvM8042pAKNgRv/uW/pH5U9k7K3vVxqXI+iyNP9sg+OSQeOSUVckmqpEY4UeSJvJBXxzjPzpvzPm3NObOZXfILzsc3se6Q6g==</latexit>

SNR

<latexit sha1_base64="aeDuH6oHKHak44zA6mwx7CC6XUo=">AAACC3icbVA9SwNBEN2LXzF+RS1tFoNgFe4kqGXExkaIYD4gCWFvM0mW7O0du3OScKS38a/YWChi6x+w89+4Sa7QxAcLj/dmdmaeH0lh0HW/nczK6tr6RnYzt7W9s7uX3z+omTDWHKo8lKFu+MyAFAqqKFBCI9LAAl9C3R9eT/36A2gjQnWP4wjaAesr0ROcoZU6+eMWwgiTqyjS4UgEDIHegjGsD7TCjBGqP+nkC27RnYEuEy8lBZKi0sl/tbohjwNQyKX9pOm5EbYTplFwCZNcKzYQMT60Q5qWKhaAaSezWyb0xCpd2gu1fQrpTP3dkbDAmHHg20q77cAselPxP68ZY++ynQgVxQiKzwf1YkkxpNNgaFdo4CjHljCuhd2V8gHTjKONL2dD8BZPXia1s6J3XvTuSoVyKY0jS47IMTklHrkgZXJDKqRKOHkkz+SVvDlPzovz7nzMSzNO2nNI/sD5/AHCMJt0</latexit>

Approximate Message Passing

— see tutorial Feng, Venkataramanan, Rush, Samworth’ 22
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A simple model: spiked Wigner model

<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

M = λv?v?> +W

• Wij =Wji ∼ N (0, 1n) and Wii ∼ N (0, 2n)

• λ = SNR (signal-to-noise ratio) with ‖v?‖2 = 1

• Goal: estimate v? from M

• Phase transition at λ > 1: the top eigenvalue separates
from bulk, eigenvector correlates non-trivially with v?

Johnstone (2001),

Johnstone & Lu (2004), Péché (2006), Baik & Silverstein (2006),

Capitaine, Donati-Martin & Féral (2009), Féral & Péché (2007)...
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A simple model: spiked Wigner model

<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

• Wij =Wji ∼ N (0, 1n) and Wii ∼ N (0, 2n)

• λ = SNR (signal-to-noise ratio) with ‖v?‖2 = 1

• Goal: estimate v? from M

• Phase transition at λ > 1: the top eigenvalue separates
from bulk, eigenvector correlates non-trivially with v?

Johnstone (2001),

Johnstone & Lu (2004), Péché (2006), Baik & Silverstein (2006),

Capitaine, Donati-Martin & Féral (2009), Féral & Péché (2007)...
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A simple model: spiked Wigner model

<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

• Wij =Wji ∼ N (0, 1n) and Wii ∼ N (0, 2n)

• λ = SNR (signal-to-noise ratio) with ‖v?‖2 = 1

• Goal: estimate v? from M

• Phase transition at λ > 1: the top eigenvalue separates
from bulk, eigenvector correlates non-trivially with v?

Johnstone (2001),

Johnstone & Lu (2004), Péché (2006), Baik & Silverstein (2006),

Capitaine, Donati-Martin & Féral (2009), Féral & Péché (2007)...
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A simple model: spiked Wigner model

<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

• Wij =Wji ∼ N (0, 1n) and Wii ∼ N (0, 2n)

• λ = SNR (signal-to-noise ratio) with ‖v?‖2 = 1

• Goal: estimate v? from M

• Phase transition at λ > 1: the top eigenvalue separates
from bulk, eigenvector correlates non-trivially with v?

Johnstone (2001), Johnstone & Lu (2004), Péché (2006), Baik & Silverstein (2006),

Capitaine, Donati-Martin & Féral (2009), Féral & Péché (2007)...
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Spiked Wigner model with structures

<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

Applications: spin-glass problems, community detection, image alignment,
angular synchronization

• Z2 synchronization:
√
nv?i

i.i.d.∼ Unif{+1,−1}
• sparse Wigner model: ‖v?‖0 = k

• non-negative Wigner model: v?i ≥ 0

• cone-constrained spiked models: v? ∈ K (e.g. monotone, convex)

Singer (2011), Panchenko (2013), Deshpande, Abbe & Montanari (2016), Perry, Wein,

Bandeira, Moitra (2018), Javanmard, Montanari & Ricci-Tersenghi (2016)...
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Spiked Wigner model with structures

<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

Applications: spin-glass problems, community detection, image alignment,
angular synchronization

• Z2 synchronization:
√
nv?i

i.i.d.∼ Unif{+1,−1}

• sparse Wigner model: ‖v?‖0 = k

• non-negative Wigner model: v?i ≥ 0

• cone-constrained spiked models: v? ∈ K (e.g. monotone, convex)

Singer (2011), Panchenko (2013), Deshpande, Abbe & Montanari (2016), Perry, Wein,

Bandeira, Moitra (2018), Javanmard, Montanari & Ricci-Tersenghi (2016)...
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<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

Applications: spin-glass problems, community detection, image alignment,
angular synchronization

• Z2 synchronization:
√
nv?i

i.i.d.∼ Unif{+1,−1}
• sparse Wigner model: ‖v?‖0 = k

• non-negative Wigner model: v?i ≥ 0

• cone-constrained spiked models: v? ∈ K (e.g. monotone, convex)

Singer (2011), Panchenko (2013), Deshpande, Abbe & Montanari (2016), Perry, Wein,

Bandeira, Moitra (2018), Javanmard, Montanari & Ricci-Tersenghi (2016)...
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<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

Applications: spin-glass problems, community detection, image alignment,
angular synchronization

• Z2 synchronization:
√
nv?i

i.i.d.∼ Unif{+1,−1}
• sparse Wigner model: ‖v?‖0 = k

• non-negative Wigner model: v?i ≥ 0

• cone-constrained spiked models: v? ∈ K (e.g. monotone, convex)

Singer (2011), Panchenko (2013), Deshpande, Abbe & Montanari (2016), Perry, Wein,

Bandeira, Moitra (2018), Javanmard, Montanari & Ricci-Tersenghi (2016)...
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<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W
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M =

Applications: spin-glass problems, community detection, image alignment,
angular synchronization

• Z2 synchronization:
√
nv?i

i.i.d.∼ Unif{+1,−1}
• sparse Wigner model: ‖v?‖0 = k

• non-negative Wigner model: v?i ≥ 0

• cone-constrained spiked models: v? ∈ K (e.g. monotone, convex)

Singer (2011), Panchenko (2013), Deshpande, Abbe & Montanari (2016), Perry, Wein,

Bandeira, Moitra (2018), Javanmard, Montanari & Ricci-Tersenghi (2016)...
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An incomplete list of prior art

Z2 synchronization:

• Baik, Arous, Péché’05

• Panchenko’13

• Javanmard et al.’16

• Montanari & Sen’16

• Lelarge & Miolane’19

• Deshpande, Abbe, Montanari’17

• Celentano, Fan, Mei’21

general convex cones:

• Deshpande, Montanari, Richard’14

• Lesieur, Krzakala, Zdeborová’17

• Bandeira, Kunisky, Wein’19

sparse PCA (Wigner / Wishart)

• Johnstone & Lu’09

• d’Aspremont et al.’04

• Amini & Wainwright’08

• Vu & Lei’12

• Berthet & Rigollet’13

• Ma’13

• Lesieur, Krzakala, Zdeborová’15

• Deshpande & Montanari’14

• Wang, Berthet, Samworth’16

• Ding, Kunisky, Wein, Bandeira’19

positive Wigner models

• Montanari & Richard’16
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Idealistic estimators

Maximum likelihood estimator := arg min
v∈Sn−1

v with structures

‖M − λvv>‖2F

Bayes optimal estimator := E[vv> |M ]

• Onsager correction term 〈η′t(xt)〉 · ηt−1(xt−1)
• ηt: denoising function selected a priori (tailored to structure of v?)

I Z2 synchronization: ηt(x) = ρt tanh(x)

I sparse estimation: ηt(x) = ρt · sign(x)(|x| − τt)+
I general cone: ηt(x) = ρt · ProjK(x)
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AMP for spiked models

Maximum likelihood estimator := arg min
v∈Sn−1

v with structures

‖M − λvv>‖2F

Bayes optimal estimator := E[vv> |M ]
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AMP for spiked models

Approximate message passing (AMP) for spiked models:

xt+1 =Mηt(xt)− 〈η′t(xt)〉 · ηt−1(xt−1), for t ≥ 1

where 〈x〉 := 1
n

∑n
i=1 xi.
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Some background of AMP

• AMP is a low-complexity, iterative algorithm
[Donoho, Maleki, Montanari (2009, 2010a, 2011b), Bayati & Montanari (2011)...]

• Theoretically optimal vs. computationally feasible estimators
[Reeves, Pfister (2019), Barbier et al. (2017), Lelarge & Miolane (2019), Montanari &

Ramji (2019), Celentano & Montanari (2019)...]

• A useful tool to analyze other statistical procedures [Donoho, Maleki,

Montanari (2009), Donoho & Montanari (2016), Sur, Chen, Candès. (2017), Bu et al.

(2020), Fan & Wu (2021), Li & Wei (2021)...]

AMP in computing LASSO
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estimator of interest
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AMP iterates

9 / 32



Prior theory of AMP

Exact asymptotics: for constant # iterations t (e.g. t = 20), empirical
distribution of the coordinates of AMP iterate xt ∈ Rn is approximately
Gaussian (n→∞)
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histogram of coordinates of xt
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histogram of coordinates of xt

Its variance is given by low-dimensional recursion:

state evolution: τt+1 = F (τt)

τt captures the variance at iteration t

[Bayati & Montanari (2011), Javanmard & Montanari (2013), Schniter & Rangan (2014)]
10 / 32



Prior results: exact asymptotics

Theorem (Montanari & Venkataramanan’19)

Suppose the empirical distribution {v?i }ni=1 → µV on R, with E[V 2] = 1.
For constant # iterations t (independent of n), it satisfies,

lim
n→∞

1

n

n∑

i=1

(xt,i − v?i )2=E
[(
αtV + βtG− V

)2]
, a.s.

where V ∼ µV and G ∼ N (0, 1) are independent.

• State evolution (SE) via the recursion

(↵t+1, �t+1) = F (↵t, �t)
<latexit sha1_base64="Cc3NixNpoVVrECmCCtIyihgOafk=">AAACH3icbVDLSgMxFM3UVx1fVZdugkVoUcpMLepGKAjisoJ9QDsMmTRtQzMPkjtCGfonbvwVNy4UEXf9G9N2wFo9cOHknHvJvceLBFdgWRMjs7K6tr6R3TS3tnd293L7Bw0VxpKyOg1FKFseUUzwgNWBg2CtSDLie4I1veHN1G8+Mql4GDzAKGKOT/oB73FKQEtu7qLQISIaEDeBU3t8hjseg/RRNK/N2x97wRwX3VzeKlkz4L/ETkkepai5ua9ON6SxzwKggijVtq0InIRI4FSwsdmJFYsIHZI+a2saEJ8pJ5ndN8YnWuniXih1BYBn6uJEQnylRr6nO30CA7XsTcX/vHYMvSsn4UEUAwvo/KNeLDCEeBoW7nLJKIiRJoRKrnfFdEAkoaAjNXUI9vLJf0mjXLLPS+X7Sr5aSePIoiN0jArIRpeoiu5QDdURRU/oBb2hd+PZeDU+jM95a8ZIZw7RLxiTbyDRoSY=</latexit>

bla
bla

bla
|

{z
}

a
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=<latexit sha1_base64="fYEERxq8l75ZL7uTNRFu6no3jPQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKezGgF6EgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7ut59QaR7LBzNJ0I/oUPKQM2qs1LjtF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ61K2bsqVxrVUq2axZGHMziHS/DgGmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH4nljLc=</latexit>

↵t+1 = �E
⇥
V · ⌘t(↵tV + �tG)

⇤
<latexit sha1_base64="3EKWYf50OT9BtgPDF+GXH7xrbMo="></latexit>

�2
t+1 = E

⇥
⌘2

t (↵tV + �tG)
⇤

<latexit sha1_base64="folYw5dqgbo4nE6NM7fgqm6e4qI="></latexit>
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Non-asymptotic analyses are quite limited so far...

• compared to other optimization methods

• compared to other analysis techniques



Non-asymptotic analysis?

# iterations

estimation error

10!10"log 𝑛
log log 𝑛

10#

Rush et al. 18

AMP iterates

poly(𝑛)

Non-asymptotic result: Rush & Venkataramanan (2018)

#iterations = o(log n/ log logn) (based on state-evolution analysis)
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Non-asymptotic analysis?

# iterations

estimation error

10!10"log 𝑛
log log 𝑛

10#

Rush et al. 18

This work

AMP iterates

poly(𝑛)

Question: Is it possible to develop non-asymptotic analysis of
AMP beyond o(log n/ log logn) iterations?

13 / 32



Our solution: a new decomposition for AMP iterates



This work: a new decomposition of AMP

Theorem (Li & Wei’22)

Initialize AMP with x1 independent of W . For every 1 ≤ t ≤ n, AMP
yields the decomposition

xt+1 = αt+1v
? +

t∑

k=1

βkt φk + ξt, (?)

for φk
i.i.d.∼ N (0, 1nIn).

here (αt+1, βt, ξt) obeys

αt+1 = λv?>ηt(xt),

βkt = 〈ηt(xt), zk〉 for an explicit-defined basis {zk}

‖ξt‖2 =
〈 t−1∑
k=1

µkφk, δt
〉
− 〈δ′t〉

t−1∑
k=1

µkβkt−1 + ∆t +O
(√ t logn

n
‖βt‖2

)
w.h.p.

• xt behaves like αtv
? +

∑t−1
k=1 β

k
t−1φk if ‖ξt−1‖2 is small

• if {ηt} are nice (smooth & with finite jumps), we can track how
‖ξt‖2 depends on λ, t, n

• decomposition (?) can be extended for spectral initialization
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Finite-sample error control

Theorem (Li & Wei’22 (informal))

AMP iterates satisfy xt+1 = αt+1v
? +

∑t
k=1 β

k
t φk + ξt w.h.p. with

αt+1 = λv?>
∫
ηt

(
αtv

? +
1√
n
x

)
ϕn(dx) + λ∆α,t, ‖βt‖2 = 1,

where the residual terms obey

|∆α,t| . Bt + ρ‖ξt−1‖2,

‖ξt‖2 ≤ κt ‖ξt−1‖2 +O

(
At + ρ

√
t logn

n
‖ξt−1‖2

)
.

It suffices to control

• κt < 1− c
• At corresponds to an upper bound for quantity∣∣∣ t−1∑

k=1

µk
[ 〈
φk, ηt(vt)

〉
−
〈
η′t(vt)

〉
βkt−1︸ ︷︷ ︸

Yk

]∣∣∣, with vt := αtv
? +

t−1∑
k=1

βkt−1φk
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Application in a concrete example: Z2 synchronization

— for other examples refer to Li and Wei, 2022
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Prior art: A hybrid procedure

• Setting: M = λv?v?> +W where
√
nv?i ∼ Unif({±1})

• Goal: recover v? given M

— AMP is approximately Gaussian in a fixed t, large n limit

18 / 32



Connections of Z2 and SBM

A symmetric two-group model:

• vertex set V = [n] = V+ ∪ V− with P(i ∈ V+) = P(i ∈ V−) = 1/2

• stochastic block model: (X,G) ∼ SBM(n, p, q)

• goal: characterize minimum mean square error/mutual information

=⇒ ≈ Z2 synchorization

“Asymptotic Mutual Information for the Two-Groups Stochastic Block Model,” Deshpande,
Abbe, Montanari 2017

“Community Detection and Stochastic Block Models: Recent Developments,” Abbe 2018
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Prior art: A hybrid procedure

• Setting: M = λv?v?> +W where
√
nv?i ∼ Unif({±1})

• Goal: recover v? given M

— AMP is approximately Gaussian in a fixed t, large n limit

A hybrid procedure proposed in Celentano, Fan, Mei’21

TAP free energy landscape
<latexit sha1_base64="QYk8Bw3eNL/01Gqos4BS8IDm+lg=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6iEMuIjWWEfEESwt5mLlmyt3fszonhSGvjX7GxUMTWf2Dnv3HzUWjig4HHezPMzPNjKQy67reTWVvf2NzKbud2dvf2D/KHRw0TJZpDnUcy0i2fGZBCQR0FSmjFGljoS2j6o5up37wHbUSkajiOoRuygRKB4Ayt1MvTDsIDprXrKg00AAUFejCmkqm+4SyGSS9fcIvuDHSVeAtSIAtUe/mvTj/iSQgKuWTGtD03xm7KNAouYZLrJAZixkdsAG1LFQvBdNPZJxN6ZpU+DSJtSyGdqb8nUhYaMw592xkyHJplbyr+57UTDK66qVBxgqD4fFGQSIoRncZC+0IDRzm2hHEt7K2UD5lmHG14ORuCt/zyKmmUit5FsXR3WaiUF3FkyQk5JefEI2VSIbekSuqEk0fyTF7Jm/PkvDjvzse8NeMsZo7JHzifP18Smhk=</latexit>

spectral initialization
<latexit sha1_base64="QHzvkUzqfhsroGMlGvejNQ7OuUU=">AAACB3icbVDLSgNBEOz1GeNr1aMgg0HwFHajoMeAF48RzAOSEGYnk2TI7Owy0yvGJTcv/ooXD4p49Re8+TdONjloYkFDUdVNUxXEUhj0vG9naXlldW09t5Hf3Nre2XX39msmSjTjVRbJSDcCargUildRoOSNWHMaBpLXg+HVxK/fcW1EpG5xFPN2SPtK9ASjaKWOe9RCfo+piTlDTSURSqCgUjxk/rjjFryil4EsEn9GCjBDpeN+tboRS0KukElqTNP3YmynVKNgko/zrcTwmLIh7fOmpYqG3LTTLMeYnFilS3qRtqOQZOrvi5SGxozCwG6GFAdm3puI/3nNBHuX7VSoOEGu2PRRL5EEIzIphXSFtvnlyBLKtG2AETagmjK01eVtCf585EVSKxX9s2Lp5rxQLs3qyMEhHMMp+HABZbiGClSBwSM8wyu8OU/Oi/PufExXl5zZzQH8gfP5A33Rmko=</latexit>

Open question: spectrally-initialized AMP is sufficient for λ > 1?
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<latexit sha1_base64="ySnffokLeKdFAjsIQkAVi5RA0HE=">AAACB3icbVDLSgMxFM3UV62vUZeCDBbBVZmpgi4LblxWsA9oh5LJZKahyWRI7ohl6M6Nv+LGhSJu/QV3/o1pOwttPRA4nHtuknOClDMNrvttlVZW19Y3ypuVre2d3T17/6CtZaYIbRHJpeoGWFPOEtoCBpx2U0WxCDjtBKPr6bxzT5VmMrmDcUp9geOERYxgMNLAPu4DfYA8VjhkNAFn6nEwj6ViMBSTgV11a+4MzjLxClJFBZoD+6sfSpIJcxfhWOue56bg51gBI5xOKv1M0xSTEY5pz9AEC6r9fJZj4pwaJXQiqcwxf5mpvzdyLLQei8A4BYahXpxNxf9mvQyiKz9nSZoBTcj8oSjjDsh54JApSoCPDcHEJGfEIUOsMAFTXcWU4C1GXibtes07r9VvL6qNelFHGR2hE3SGPHSJGugGNVELEfSIntErerOerBfr3fqYW0tWsXOI/sD6/AECeJn7</latexit>

Open question: spectrally-initialized AMP is sufficient for λ > 1?
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Prior art: A hybrid procedure

• Setting: M = λv?v?> +W where
√
nv?i ∼ Unif({±1})

• Goal: recover v? given M

A hybrid procedure proposed in Celentano, Fan, Mei’21

TAP free energy landscape
<latexit sha1_base64="QYk8Bw3eNL/01Gqos4BS8IDm+lg=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6iEMuIjWWEfEESwt5mLlmyt3fszonhSGvjX7GxUMTWf2Dnv3HzUWjig4HHezPMzPNjKQy67reTWVvf2NzKbud2dvf2D/KHRw0TJZpDnUcy0i2fGZBCQR0FSmjFGljoS2j6o5up37wHbUSkajiOoRuygRKB4Ayt1MvTDsIDprXrKg00AAUFejCmkqm+4SyGSS9fcIvuDHSVeAtSIAtUe/mvTj/iSQgKuWTGtD03xm7KNAouYZLrJAZixkdsAG1LFQvBdNPZJxN6ZpU+DSJtSyGdqb8nUhYaMw592xkyHJplbyr+57UTDK66qVBxgqD4fFGQSIoRncZC+0IDRzm2hHEt7K2UD5lmHG14ORuCt/zyKmmUit5FsXR3WaiUF3FkyQk5JefEI2VSIbekSuqEk0fyTF7Jm/PkvDjvzse8NeMsZo7JHzifP18Smhk=</latexit>

spectral initialization
<latexit sha1_base64="QHzvkUzqfhsroGMlGvejNQ7OuUU=">AAACB3icbVDLSgNBEOz1GeNr1aMgg0HwFHajoMeAF48RzAOSEGYnk2TI7Owy0yvGJTcv/ooXD4p49Re8+TdONjloYkFDUdVNUxXEUhj0vG9naXlldW09t5Hf3Nre2XX39msmSjTjVRbJSDcCargUildRoOSNWHMaBpLXg+HVxK/fcW1EpG5xFPN2SPtK9ASjaKWOe9RCfo+piTlDTSURSqCgUjxk/rjjFryil4EsEn9GCjBDpeN+tboRS0KukElqTNP3YmynVKNgko/zrcTwmLIh7fOmpYqG3LTTLMeYnFilS3qRtqOQZOrvi5SGxozCwG6GFAdm3puI/3nNBHuX7VSoOEGu2PRRL5EEIzIphXSFtvnlyBLKtG2AETagmjK01eVtCf585EVSKxX9s2Lp5rxQLs3qyMEhHMMp+HABZbiGClSBwSM8wyu8OU/Oi/PufExXl5zZzQH8gfP5A33Rmko=</latexit>

AMP o(log n/ log log n)steps
<latexit sha1_base64="zfjo2yWJMCHqoOdm9FisqoKgq8o=">AAACGnicbVDLSgMxFM3Ud31VXboJFqFu6kwVdFlx40aoYFVoS8mkt21oJhmSO2IZ2t9w46+4caGIO3Hj35g+Fr4OhBzOOZfknjCWwqLvf3qZmdm5+YXFpezyyuraem5j88rqxHCoci21uQmZBSkUVFGghJvYAItCCddh73TkX9+CsUKrS+zH0IhYR4m24Ayd1MwFdYQ7TE/OK3QwHA6pLtSl7lC1P74mfI9OQhYhtoNmLu8X/THoXxJMSZ5MUWnm3ustzZMIFHLJrK0FfoyNlBkUXMIgW08sxIz3WAdqjioWgW2k49UGdNcpLdrWxh2FdKx+n0hZZG0/Cl0yYti1v72R+J9XS7B93EiFihMExScPtRNJUdNRT7QlDHCUfUcYN8L9lfIuM4yjazPrSgh+r/yXXJWKwUGxdHGYL5emdSySbbJDCiQgR6RMzkiFVAkn9+SRPJMX78F78l69t0k0401ntsgPeB9fv4igpw==</latexit>

gradient type algorithm
<latexit sha1_base64="ySnffokLeKdFAjsIQkAVi5RA0HE=">AAACB3icbVDLSgMxFM3UV62vUZeCDBbBVZmpgi4LblxWsA9oh5LJZKahyWRI7ohl6M6Nv+LGhSJu/QV3/o1pOwttPRA4nHtuknOClDMNrvttlVZW19Y3ypuVre2d3T17/6CtZaYIbRHJpeoGWFPOEtoCBpx2U0WxCDjtBKPr6bxzT5VmMrmDcUp9geOERYxgMNLAPu4DfYA8VjhkNAFn6nEwj6ViMBSTgV11a+4MzjLxClJFBZoD+6sfSpIJcxfhWOue56bg51gBI5xOKv1M0xSTEY5pz9AEC6r9fJZj4pwaJXQiqcwxf5mpvzdyLLQei8A4BYahXpxNxf9mvQyiKz9nSZoBTcj8oSjjDsh54JApSoCPDcHEJGfEIUOsMAFTXcWU4C1GXibtes07r9VvL6qNelFHGR2hE3SGPHSJGugGNVELEfSIntErerOerBfr3fqYW0tWsXOI/sD6/AECeJn7</latexit>

Open question: spectrally-initialized AMP is sufficient for λ > 1?
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Z2 Synchronization: our results

Theorem (Li & Wei’22)

Spectrally-initialized AMP satisfies

xt+1 = αt+1v
? +

t∑

k=1

βkt φk + ξt,

with

αt+1 = E
[
λv?>ηt

(
αtv

? +
1√
n
G
)]

+O

(√
t logn

(λ− 1)3n

)
,

‖βt‖2 = 1, ‖ξt‖2 . O

√ t logn

(λ− 1)3n
+

√
log7 n

(λ− 1)9n


w.h.p. provided that t . (λ−1)10

log7 n
n.

• spectral initialization provides a warm-start with α1 �
√
λ2 − 1
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Connection to state evolution

⌧t
<latexit sha1_base64="GHRs2OQgwbRDrjSQREELqb0I5Fs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9p2s9w2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+75ScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaikg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wd3J5A/</latexit>

(asymptotic) state evolution Deshpande, Abbe, Montanari (2016):

τt+1 := λ2
∫

tanh(τt +
√
τtx)ϕ(dx)
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Connection to state evolution

⌧t
<latexit sha1_base64="GHRs2OQgwbRDrjSQREELqb0I5Fs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9p2s9w2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+75ScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaikg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wd3J5A/</latexit>

(asymptotic) state evolution Deshpande, Abbe, Montanari (2016):

τt+1 := λ2
∫

tanh(τt +
√
τtx)ϕ(dx)

here

α2
t − τt = O

(√
t log n

(λ− 1)8n
+

√
log7 n

(λ− 1)14n

)
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Connection to state evolution

⌧?
<latexit sha1_base64="QlnQcUUVNJ2qxO7QEJUP6jiD01s=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/cAmls120y7dbMLuRCil/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk04w2WyES3Q2q4FIo3UKDk7VRzGoeSt8LhzdRvPXFtRKLucZTyIKZ9JSLBKFrpwUeaPfoGqe6Wym7FnYEsEy8nZchR75a+/F7CspgrZJIa0/HcFIMx1SiY5JOinxmeUjakfd6xVNGYm2A8u3hCTq3SI1GibSkkM/X3xJjGxozi0HbGFAdm0ZuK/3mdDKOrYCxUmiFXbL4oyiTBhEzfJz2hOUM5soQyLeythA2opgxtSEUbgrf48jJpViveeaV6d1GuXedxFOAYTuAMPLiEGtxCHRrAQMEzvMKbY5wX5935mLeuOPnMEfyB8/kDx+2Q/A==</latexit>

(asymptotic) state evolution Deshpande, Abbe, Montanari (2016):

τt+1 := λ2
∫

tanh(τt +
√
τtx)ϕ(dx)

α2
t − τ? = c

(
1− (λ− 1)

)t
+O

(√
t log n

(λ− 1)8n
+

√
log7 n

(λ− 1)14n

)
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Take-home message #1

TAP free energy landscape
<latexit sha1_base64="QYk8Bw3eNL/01Gqos4BS8IDm+lg=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6iEMuIjWWEfEESwt5mLlmyt3fszonhSGvjX7GxUMTWf2Dnv3HzUWjig4HHezPMzPNjKQy67reTWVvf2NzKbud2dvf2D/KHRw0TJZpDnUcy0i2fGZBCQR0FSmjFGljoS2j6o5up37wHbUSkajiOoRuygRKB4Ayt1MvTDsIDprXrKg00AAUFejCmkqm+4SyGSS9fcIvuDHSVeAtSIAtUe/mvTj/iSQgKuWTGtD03xm7KNAouYZLrJAZixkdsAG1LFQvBdNPZJxN6ZpU+DSJtSyGdqb8nUhYaMw592xkyHJplbyr+57UTDK66qVBxgqD4fFGQSIoRncZC+0IDRzm2hHEt7K2UD5lmHG14ORuCt/zyKmmUit5FsXR3WaiUF3FkyQk5JefEI2VSIbekSuqEk0fyTF7Jm/PkvDjvzse8NeMsZo7JHzifP18Smhk=</latexit>

spectral initialization
<latexit sha1_base64="QHzvkUzqfhsroGMlGvejNQ7OuUU=">AAACB3icbVDLSgNBEOz1GeNr1aMgg0HwFHajoMeAF48RzAOSEGYnk2TI7Owy0yvGJTcv/ooXD4p49Re8+TdONjloYkFDUdVNUxXEUhj0vG9naXlldW09t5Hf3Nre2XX39msmSjTjVRbJSDcCargUildRoOSNWHMaBpLXg+HVxK/fcW1EpG5xFPN2SPtK9ASjaKWOe9RCfo+piTlDTSURSqCgUjxk/rjjFryil4EsEn9GCjBDpeN+tboRS0KukElqTNP3YmynVKNgko/zrcTwmLIh7fOmpYqG3LTTLMeYnFilS3qRtqOQZOrvi5SGxozCwG6GFAdm3puI/3nNBHuX7VSoOEGu2PRRL5EEIzIphXSFtvnlyBLKtG2AETagmjK01eVtCf585EVSKxX9s2Lp5rxQLs3qyMEhHMMp+HABZbiGClSBwSM8wyu8OU/Oi/PufExXl5zZzQH8gfP5A33Rmko=</latexit>

AMP
<latexit sha1_base64="o0ZbyviDTSKdrU40k3H6QQeYegQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8RL16ECOaByRJmJ5NkyOzsMtMrhiV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5ybUSk7nEccz+kAyX6glG00kMH+ROmV7e1SbdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/0U6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5NGpeydlSt356VqJYsjD0dwDKfgwQVU4QZqUAcGCp7hFd4c47w4787HvDXnZDOH8AfO5w+ONJDJ</latexit>

• Answer the open question (Celentano, Fan & Mei (2021)) positively:
spectrally-initialized AMP is enough!
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Z2 Synchronization: simulations

Figure: Convergence of spectrally-initialized AMP for different signal strengths with

n = 10000. Repeat 40 times.
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Question: Is spectral initialization really necessary for AMP?
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Similation: AMP with random initialization

Figure: The correlation of ηt(xt) and v? vs. iteration count t for AMP with both

random and spectral initialization. Here n = 10000. Repeat 20 times.

26 / 32



AMP with random initialization

Theorem (Li, Fan, Wei’23)

For t ≤ cn(λ−1)5

log2 n
, randomly-initialized AMP satisfies, w.h.p,

• (Decomposition) xt+1 = αt+1v
? +

∑t
k=1 β

k
t φk + ξt, with

αt+1 := λv?>ηt(xt),

‖βt‖2 = 1, ‖ξt‖2 .
√

t logn

n(λ− 1)2
+

√
log4 n

n(λ− 1)3
;

• (Crossing time)

ς := min{t : |αt| ≥
1

2

√
λ2 − 1} = O

(
logn

λ− 1

)
;

• (Non-asymptotic SE) for any t ≥ ς,

α2
t =

1 +O

(√(
t+ log3 n

λ−1

)
logn

n(λ− 1)5

) τt+1.

— τt+1 := λ2

∫
tanh(τt +

√
τtx)ϕ(dx)
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Dynamics after random initialization

| {z }

1

O
⇣ log n

�� 1

⌘
#steps

<latexit sha1_base64="+QNo4b8xOAiXi3J98dIra3nIp1U=">AAACH3icbVDLSgMxFM34rPVVdekmWARdWGaqqEvRjTsr2FbolJJJ79RgJjMkd8QyjF/ixl9x40IRcde/MX0sfB0IOZxz703uCRIpDLruwJmanpmdmy8sFBeXlldWS2vrDROnmkOdxzLW1wEzIIWCOgqUcJ1oYFEgoRncng395h1oI2J1hf0E2hHrKREKztBKndLhhX8qejt+qBnPfBn3qMrtbQd0Gd2jXj60d+nDg1/2Ee4xMwiJyTulsltxR6B/iTchZTJBrVP69LsxTyNQyCUzpuW5CbYzplFwCXnRTw0kjN+yHrQsVSwC085G++V02ypdGsbaHoV0pH7vyFhkTD8KbGXE8Mb89obif14rxfC4nQmVpAiKjx8KU0kxpsOwaFdo4Cj7ljCuhf0r5TfMRoU20qINwfu98l/SqFa8/Ur18qB8Up3EUSCbZIvsEI8ckRNyTmqkTjh5JM/klbw5T86L8+58jEunnEnPBvkBZ/AFXSyiiQ==</latexit>

randomly-initialized AMP
<latexit sha1_base64="3yjUEVs8+lxBJOrrfzmfx5z2nts=">AAACCHicbZBLS8NAFIUn9VXrK+rShYNFcGNJqqDLihs3QgWrQlvKZHKjQyeTMHMj1tClG/+KGxeKuPUnuPPfOK1Z+Dow8HHOvQz3BKkUBj3vwylNTE5Nz5RnK3PzC4tL7vLKmUkyzaHFE5noi4AZkEJBCwVKuEg1sDiQcB70D0f5+TVoIxJ1ioMUujG7VCISnKG1eu56B+EGc81UmMRysC2UQMGkuIWQHhw3hz236tW8sehf8AuokkLNnvveCROexaCQS2ZM2/dS7OZMo+AShpVOZiBlvM8uoW1RsRhMNx8fMqSb1glplGj7FNKx+30jZ7ExgziwkzHDK/M7G5n/Ze0Mo/1uLlSaISj+9VGUSYoJHbVCQ6GBoxxYYFzbCjjlV0wzjra7ii3B/33yXzir1/ydWv1kt9qoF3WUyRrZIFvEJ3ukQY5Ik7QIJ3fkgTyRZ+feeXRenNev0ZJT7KySH3LePgFO1poV</latexit>

escape from random initialization
<latexit sha1_base64="RT+EiBKT2N6CiLHI+71agrL6az8="></latexit>

↵t+1 ⇡ �↵t + �gt�1
<latexit sha1_base64="R72HCS9eiVi2YU4sZQiFJ/53u9Q="></latexit>

randomly-initialized AMP
<latexit sha1_base64="3yjUEVs8+lxBJOrrfzmfx5z2nts=">AAACCHicbZBLS8NAFIUn9VXrK+rShYNFcGNJqqDLihs3QgWrQlvKZHKjQyeTMHMj1tClG/+KGxeKuPUnuPPfOK1Z+Dow8HHOvQz3BKkUBj3vwylNTE5Nz5RnK3PzC4tL7vLKmUkyzaHFE5noi4AZkEJBCwVKuEg1sDiQcB70D0f5+TVoIxJ1ioMUujG7VCISnKG1eu56B+EGc81UmMRysC2UQMGkuIWQHhw3hz236tW8sehf8AuokkLNnvveCROexaCQS2ZM2/dS7OZMo+AShpVOZiBlvM8uoW1RsRhMNx8fMqSb1glplGj7FNKx+30jZ7ExgziwkzHDK/M7G5n/Ze0Mo/1uLlSaISj+9VGUSYoJHbVCQ6GBoxxYYFzbCjjlV0wzjra7ii3B/33yXzir1/ydWv1kt9qoF3WUyRrZIFvEJ3ukQY5Ik7QIJ3fkgTyRZ+feeXRenNev0ZJT7KySH3LePgFO1poV</latexit>

stage 1
<latexit sha1_base64="/ZBSOtGvq3UqIsWqNPGnmRCHLHk=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPBi8cK9gPatWTTbBuazS7JrFqW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9cC1EbG6w3HC/YgOlAgFo2il+y7yJ8wM0gEn3qRXKrsVdwayTLyclCFHvVf66vZjlkZcIZPUmI7nJuhnVKNgkk+K3dTwhLKRfb5jqaIRN34223pCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVm38UppJgTKYRkL7QnKEcW0KZFnZXwoZUU4Y2qKINwVs8eZk0qxXvvFK9vSjXqnkcBTiGEzgDDy6hBjdQhwYw0PAMr/DmPDovzrvzMW9dcfKZI/gD5/MHhqKSeA==</latexit>

↵t ⇡ n�1/4
<latexit sha1_base64="HthxizfZyEUsdPlbaWe+KHRV/AU=">AAACAnicdVBNSwMxEM36WetX1ZN4CRbBi3WzFq23ghePFawKbS2zaWpDs9mQZMWyFC/+FS8eFPHqr/DmvzFbK6jog4HHezPMzAuV4Mb6/rs3MTk1PTObm8vPLywuLRdWVs9MnGjK6jQWsb4IwTDBJatbbgW7UJpBFAp2HvaPMv/8mmnDY3lqB4q1IriSvMspWCe1C+tNEKoHbYuboJSOb7C8THfIbnnYLhT9ku/7hBCcEXKw7ztyeFgJSAWTzHIoojFq7cJbsxPTJGLSUgHGNIivbCsFbTkVbJhvJoYpoH24Yg1HJUTMtNLRC0O85ZQO7sbalbR4pH6fSCEyZhCFrjMC2zO/vUz8y2sktltppVyqxDJJPxd1E4FtjLM8cIdrRq0YOAJUc3crpj3QQK1LLe9C+PoU/0/OghLZKwUn5WI1GMeRQxtoE20jgg5QFR2jGqojim7RPXpET96d9+A9ey+frRPeeGYN/YD3+gFoHpa/</latexit>
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Dynamics after random initialization

| {z }

1

O
⇣ log n

�� 1

⌘
#steps

<latexit sha1_base64="+QNo4b8xOAiXi3J98dIra3nIp1U=">AAACH3icbVDLSgMxFM34rPVVdekmWARdWGaqqEvRjTsr2FbolJJJ79RgJjMkd8QyjF/ixl9x40IRcde/MX0sfB0IOZxz703uCRIpDLruwJmanpmdmy8sFBeXlldWS2vrDROnmkOdxzLW1wEzIIWCOgqUcJ1oYFEgoRncng395h1oI2J1hf0E2hHrKREKztBKndLhhX8qejt+qBnPfBn3qMrtbQd0Gd2jXj60d+nDg1/2Ee4xMwiJyTulsltxR6B/iTchZTJBrVP69LsxTyNQyCUzpuW5CbYzplFwCXnRTw0kjN+yHrQsVSwC085G++V02ypdGsbaHoV0pH7vyFhkTD8KbGXE8Mb89obif14rxfC4nQmVpAiKjx8KU0kxpsOwaFdo4Cj7ljCuhf0r5TfMRoU20qINwfu98l/SqFa8/Ur18qB8Up3EUSCbZIvsEI8ckRNyTmqkTjh5JM/klbw5T86L8+58jEunnEnPBvkBZ/AFXSyiiQ==</latexit>

randomly-initialized AMP
<latexit sha1_base64="3yjUEVs8+lxBJOrrfzmfx5z2nts=">AAACCHicbZBLS8NAFIUn9VXrK+rShYNFcGNJqqDLihs3QgWrQlvKZHKjQyeTMHMj1tClG/+KGxeKuPUnuPPfOK1Z+Dow8HHOvQz3BKkUBj3vwylNTE5Nz5RnK3PzC4tL7vLKmUkyzaHFE5noi4AZkEJBCwVKuEg1sDiQcB70D0f5+TVoIxJ1ioMUujG7VCISnKG1eu56B+EGc81UmMRysC2UQMGkuIWQHhw3hz236tW8sehf8AuokkLNnvveCROexaCQS2ZM2/dS7OZMo+AShpVOZiBlvM8uoW1RsRhMNx8fMqSb1glplGj7FNKx+30jZ7ExgziwkzHDK/M7G5n/Ze0Mo/1uLlSaISj+9VGUSYoJHbVCQ6GBoxxYYFzbCjjlV0wzjra7ii3B/33yXzir1/ydWv1kt9qoF3WUyRrZIFvEJ3ukQY5Ik7QIJ3fkgTyRZ+feeXRenNev0ZJT7KySH3LePgFO1poV</latexit>

escape from random initialization
<latexit sha1_base64="RT+EiBKT2N6CiLHI+71agrL6az8="></latexit>

↵t+1 ⇡ �↵t + �gt�1
<latexit sha1_base64="R72HCS9eiVi2YU4sZQiFJ/53u9Q="></latexit>

↵t+1 �
�
1 + c(�� 1)

�1/2
↵t

<latexit sha1_base64="firB16ctjwLf3kSbfjLdH1eHz6Q="></latexit>

exponential growth
<latexit sha1_base64="30uYZqVQgDrLvMX+cUt9K0MUEoQ=">AAACAnicdVBNSwMxEM36WetX1ZN4CRbBU9ldi9VbwYtHBatCW0o2nbbBbLIks2pZihf/ihcPinj1V3jz35jVCir6YODx3kwy86JECou+/+ZNTE5Nz8wW5orzC4tLy6WV1VOrU8OhwbXU5jxiFqRQ0ECBEs4TAyyOJJxFFwe5f3YJxgqtTnCYQDtmfSV6gjN0Uqe03kK4xgyuE61AoWCS9o2+wsGoUyr7lf293bC6S/2K79eCMMhJWKvuVGnglBxlMsZRp/Ta6mqexu4ZLpm1zcBPsJ0xg4JLGBVbqYWE8QvWh6ajisVg29nHCSO65ZQu7WnjSiH9UL9PZCy2dhhHrjNmOLC/vVz8y2um2NtrZ0IlKYLinx/1UklR0zwP2hUGOMqhI4wb4XalfMAM4+hSK7oQvi6l/5PTsBLsVMLjarkejuMokA2ySbZJQGqkTg7JEWkQTm7IHXkgj96td+89ec+frRPeeGaN/ID38g7faJhW</latexit>

| {z }

1

O
⇣ log n

�� 1

⌘
#steps

<latexit sha1_base64="+QNo4b8xOAiXi3J98dIra3nIp1U=">AAACH3icbVDLSgMxFM34rPVVdekmWARdWGaqqEvRjTsr2FbolJJJ79RgJjMkd8QyjF/ixl9x40IRcde/MX0sfB0IOZxz703uCRIpDLruwJmanpmdmy8sFBeXlldWS2vrDROnmkOdxzLW1wEzIIWCOgqUcJ1oYFEgoRncng395h1oI2J1hf0E2hHrKREKztBKndLhhX8qejt+qBnPfBn3qMrtbQd0Gd2jXj60d+nDg1/2Ee4xMwiJyTulsltxR6B/iTchZTJBrVP69LsxTyNQyCUzpuW5CbYzplFwCXnRTw0kjN+yHrQsVSwC085G++V02ypdGsbaHoV0pH7vyFhkTD8KbGXE8Mb89obif14rxfC4nQmVpAiKjx8KU0kxpsOwaFdo4Cj7ljCuhf0r5TfMRoU20qINwfu98l/SqFa8/Ur18qB8Up3EUSCbZIvsEI8ckRNyTmqkTjh5JM/klbw5T86L8+58jEunnEnPBvkBZ/AFXSyiiQ==</latexit>

randomly-initialized AMP
<latexit sha1_base64="3yjUEVs8+lxBJOrrfzmfx5z2nts=">AAACCHicbZBLS8NAFIUn9VXrK+rShYNFcGNJqqDLihs3QgWrQlvKZHKjQyeTMHMj1tClG/+KGxeKuPUnuPPfOK1Z+Dow8HHOvQz3BKkUBj3vwylNTE5Nz5RnK3PzC4tL7vLKmUkyzaHFE5noi4AZkEJBCwVKuEg1sDiQcB70D0f5+TVoIxJ1ioMUujG7VCISnKG1eu56B+EGc81UmMRysC2UQMGkuIWQHhw3hz236tW8sehf8AuokkLNnvveCROexaCQS2ZM2/dS7OZMo+AShpVOZiBlvM8uoW1RsRhMNx8fMqSb1glplGj7FNKx+30jZ7ExgziwkzHDK/M7G5n/Ze0Mo/1uLlSaISj+9VGUSYoJHbVCQ6GBoxxYYFzbCjjlV0wzjra7ii3B/33yXzir1/ydWv1kt9qoF3WUyRrZIFvEJ3ukQY5Ik7QIJ3fkgTyRZ+feeXRenNev0ZJT7KySH3LePgFO1poV</latexit>

stage 1
<latexit sha1_base64="/ZBSOtGvq3UqIsWqNPGnmRCHLHk=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPBi8cK9gPatWTTbBuazS7JrFqW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9cC1EbG6w3HC/YgOlAgFo2il+y7yJ8wM0gEn3qRXKrsVdwayTLyclCFHvVf66vZjlkZcIZPUmI7nJuhnVKNgkk+K3dTwhLKRfb5jqaIRN34223pCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVm38UppJgTKYRkL7QnKEcW0KZFnZXwoZUU4Y2qKINwVs8eZk0qxXvvFK9vSjXqnkcBTiGEzgDDy6hBjdQhwYw0PAMr/DmPDovzrvzMW9dcfKZI/gD5/MHhqKSeA==</latexit>

stage 2
<latexit sha1_base64="SSzD4Q57kaXsggQE69do7hhKcaM=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPBi8cK9gPatWTTbBuazS7JrFqW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9cC1EbG6w3HC/YgOlAgFo2il+y7yJ8wM0gEn1UmvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUj+3zHUkUjbvxstvWEnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNv8oTCXBmEwjIH2hOUM5toQyLeyuhA2ppgxtUEUbgrd48jJpViveeaV6e1GuVfM4CnAMJ3AGHlxCDW6gDg1goOEZXuHNeXRenHfnY9664uQzR/AHzucPiCeSeQ==</latexit>

↵t ⇡ n�1/4
<latexit sha1_base64="HthxizfZyEUsdPlbaWe+KHRV/AU=">AAACAnicdVBNSwMxEM36WetX1ZN4CRbBi3WzFq23ghePFawKbS2zaWpDs9mQZMWyFC/+FS8eFPHqr/DmvzFbK6jog4HHezPMzAuV4Mb6/rs3MTk1PTObm8vPLywuLRdWVs9MnGjK6jQWsb4IwTDBJatbbgW7UJpBFAp2HvaPMv/8mmnDY3lqB4q1IriSvMspWCe1C+tNEKoHbYuboJSOb7C8THfIbnnYLhT9ku/7hBCcEXKw7ztyeFgJSAWTzHIoojFq7cJbsxPTJGLSUgHGNIivbCsFbTkVbJhvJoYpoH24Yg1HJUTMtNLRC0O85ZQO7sbalbR4pH6fSCEyZhCFrjMC2zO/vUz8y2sktltppVyqxDJJPxd1E4FtjLM8cIdrRq0YOAJUc3crpj3QQK1LLe9C+PoU/0/OghLZKwUn5WI1GMeRQxtoE20jgg5QFR2jGqojim7RPXpET96d9+A9ey+frRPeeGYN/YD3+gFoHpa/</latexit>

↵t ⇡
p
�2 � 1

<latexit sha1_base64="EBJVpsVXN2yR9S5dIcfdwMZK198=">AAACDHicdVDLSgMxFM34tr6qLt0Ei+DGMhnF1p3gxqWCVaFTy500tcHMTEzuiGXoB7jxV9y4UMStH+DOvzGjFVT0QOBwzrlJ7om0khZ9/80bGR0bn5icmi7NzM7NL5QXl45tmhkuGjxVqTmNwAolE9FAiUqcaiMgjpQ4iS72Cv/kShgr0+QI+1q0YjhPZFdyQCe1y5UQlO5BG2kIWpv0mob20mAeKndHB86CDTZwKb/q+z5jjBaE1bZ9R3Z26gGrU1ZYDhUyxEG7/Bp2Up7FIkGuwNom8zW2cjAouRKDUphZoYFfwLloOppALGwr/1hmQNec0qHd1LiTIP1Qv0/kEFvbjyOXjAF79rdXiH95zQy79VYuE52hSPjnQ91MUUxp0QztSCM4qr4jwI10f6W8BwY4uv5KroSvTen/5Dioss1qcLhV2Q2GdUyRFbJK1gkjNbJL9skBaRBObsgdeSCP3q137z15z5/REW84s0x+wHt5B8kGm2c=</latexit>
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Dynamics after random initialization
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1
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#steps

<latexit sha1_base64="+QNo4b8xOAiXi3J98dIra3nIp1U=">AAACH3icbVDLSgMxFM34rPVVdekmWARdWGaqqEvRjTsr2FbolJJJ79RgJjMkd8QyjF/ixl9x40IRcde/MX0sfB0IOZxz703uCRIpDLruwJmanpmdmy8sFBeXlldWS2vrDROnmkOdxzLW1wEzIIWCOgqUcJ1oYFEgoRncng395h1oI2J1hf0E2hHrKREKztBKndLhhX8qejt+qBnPfBn3qMrtbQd0Gd2jXj60d+nDg1/2Ee4xMwiJyTulsltxR6B/iTchZTJBrVP69LsxTyNQyCUzpuW5CbYzplFwCXnRTw0kjN+yHrQsVSwC085G++V02ypdGsbaHoV0pH7vyFhkTD8KbGXE8Mb89obif14rxfC4nQmVpAiKjx8KU0kxpsOwaFdo4Cj7ljCuhf0r5TfMRoU20qINwfu98l/SqFa8/Ur18qB8Up3EUSCbZIvsEI8ckRNyTmqkTjh5JM/klbw5T86L8+58jEunnEnPBvkBZ/AFXSyiiQ==</latexit>

randomly-initialized AMP
<latexit sha1_base64="3yjUEVs8+lxBJOrrfzmfx5z2nts=">AAACCHicbZBLS8NAFIUn9VXrK+rShYNFcGNJqqDLihs3QgWrQlvKZHKjQyeTMHMj1tClG/+KGxeKuPUnuPPfOK1Z+Dow8HHOvQz3BKkUBj3vwylNTE5Nz5RnK3PzC4tL7vLKmUkyzaHFE5noi4AZkEJBCwVKuEg1sDiQcB70D0f5+TVoIxJ1ioMUujG7VCISnKG1eu56B+EGc81UmMRysC2UQMGkuIWQHhw3hz236tW8sehf8AuokkLNnvveCROexaCQS2ZM2/dS7OZMo+AShpVOZiBlvM8uoW1RsRhMNx8fMqSb1glplGj7FNKx+30jZ7ExgziwkzHDK/M7G5n/Ze0Mo/1uLlSaISj+9VGUSYoJHbVCQ6GBoxxYYFzbCjjlV0wzjra7ii3B/33yXzir1/ydWv1kt9qoF3WUyRrZIFvEJ3ukQY5Ik7QIJ3fkgTyRZ+feeXRenNev0ZJT7KySH3LePgFO1poV</latexit>

escape from random initialization
<latexit sha1_base64="RT+EiBKT2N6CiLHI+71agrL6az8="></latexit>

↵t+1 ⇡ �↵t + �gt�1
<latexit sha1_base64="R72HCS9eiVi2YU4sZQiFJ/53u9Q="></latexit>

↵t+1 �
�
1 + c(�� 1)

�1/2
↵t

<latexit sha1_base64="firB16ctjwLf3kSbfjLdH1eHz6Q="></latexit>

exponential growth
<latexit sha1_base64="30uYZqVQgDrLvMX+cUt9K0MUEoQ=">AAACAnicdVBNSwMxEM36WetX1ZN4CRbBU9ldi9VbwYtHBatCW0o2nbbBbLIks2pZihf/ihcPinj1V3jz35jVCir6YODx3kwy86JECou+/+ZNTE5Nz8wW5orzC4tLy6WV1VOrU8OhwbXU5jxiFqRQ0ECBEs4TAyyOJJxFFwe5f3YJxgqtTnCYQDtmfSV6gjN0Uqe03kK4xgyuE61AoWCS9o2+wsGoUyr7lf293bC6S/2K79eCMMhJWKvuVGnglBxlMsZRp/Ta6mqexu4ZLpm1zcBPsJ0xg4JLGBVbqYWE8QvWh6ajisVg29nHCSO65ZQu7WnjSiH9UL9PZCy2dhhHrjNmOLC/vVz8y2um2NtrZ0IlKYLinx/1UklR0zwP2hUGOMqhI4wb4XalfMAM4+hSK7oQvi6l/5PTsBLsVMLjarkejuMokA2ySbZJQGqkTg7JEWkQTm7IHXkgj96td+89ec+frRPeeGaN/ID38g7faJhW</latexit>

| {z }

1

O
⇣ log n

�� 1

⌘
#steps

<latexit sha1_base64="+QNo4b8xOAiXi3J98dIra3nIp1U=">AAACH3icbVDLSgMxFM34rPVVdekmWARdWGaqqEvRjTsr2FbolJJJ79RgJjMkd8QyjF/ixl9x40IRcde/MX0sfB0IOZxz703uCRIpDLruwJmanpmdmy8sFBeXlldWS2vrDROnmkOdxzLW1wEzIIWCOgqUcJ1oYFEgoRncng395h1oI2J1hf0E2hHrKREKztBKndLhhX8qejt+qBnPfBn3qMrtbQd0Gd2jXj60d+nDg1/2Ee4xMwiJyTulsltxR6B/iTchZTJBrVP69LsxTyNQyCUzpuW5CbYzplFwCXnRTw0kjN+yHrQsVSwC085G++V02ypdGsbaHoV0pH7vyFhkTD8KbGXE8Mb89obif14rxfC4nQmVpAiKjx8KU0kxpsOwaFdo4Cj7ljCuhf0r5TfMRoU20qINwfu98l/SqFa8/Ur18qB8Up3EUSCbZIvsEI8ckRNyTmqkTjh5JM/klbw5T86L8+58jEunnEnPBvkBZ/AFXSyiiQ==</latexit>

local refinement
<latexit sha1_base64="cvWCRc/9J9xT/XHwUNbtIoI1pbk=">AAACAHicdVDLSgMxFM34tr5GXbhwEyyCqzIzHdq6K7hxqWBroR1KJr2jwcyD5I5Yhm78FTcuFHHrZ7jzb8xoBRU9EDicc0+Se8JMCo2O82bNzM7NLywuLVdWVtfWN+zNra5Oc8Whw1OZql7INEiRQAcFSuhlClgcSjgPr45K//walBZpcobjDIKYXSQiEpyhkYb2zgDhBguZciapgshcE0OCk6FddWqHrYbnN6hTc5ym67kl8Zp+3aeuUUpUyRQnQ/t1MEp5Xoa5ZFr3XSfDoGAKBZcwqQxyDRnjV+wC+oYmLAYdFB8LTOi+UUY0SpU5CdIP9XuiYLHW4zg0kzHDS/3bK8W/vH6OUSsoRJLlCAn/fCjKJcWUlm3QkVDAUY4NYVwJ81fKL5liHE1nFVPC16b0f9L1am695p361bY3rWOJ7JI9ckBc0iRtckxOSIdwMiF35IE8WrfWvfVkPX+OzljTzDb5AevlHequlzg=</latexit>

| {z }

1

t  n(�� 1)5

log2 n
<latexit sha1_base64="vRzaYqcvTG2vbIGVvpAAwfJGJy8=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEhloEoCCMZKLIxFog+pSSvHcVqrjhNsB6mK8gss/AoLAwixsrHxN7htBmg5kqWjc+7R9T1+wqhUlvVtLC2vrK6tlzbKm1vbO7vm3n5LxqnApIljFouOjyRhlJOmooqRTiIIinxG2v7oeuK3H4iQNOZ3apwQL0IDTkOKkdJS36wq6DJyD91QIJzxqst0NkDwFNonvYs8c1k86DmQ532zYtWsKeAisQtSAQUaffPLDWKcRoQrzJCUXdtKlJchoShmJC+7qSQJwiM0IF1NOYqI9LLpRTk81koAw1joxxWcqr8TGYqkHEe+noyQGsp5byL+53VTFV55GeVJqgjHs0VhyqCK4aQeGFBBsGJjTRAWVP8V4iHS3ShdYlmXYM+fvEhaTs0+qzm355W6U9RRAofgCFSBDS5BHdyABmgCDB7BM3gFb8aT8WK8Gx+z0SWjyByAPzA+fwAF25vS</latexit>

randomly-initialized AMP
<latexit sha1_base64="3yjUEVs8+lxBJOrrfzmfx5z2nts=">AAACCHicbZBLS8NAFIUn9VXrK+rShYNFcGNJqqDLihs3QgWrQlvKZHKjQyeTMHMj1tClG/+KGxeKuPUnuPPfOK1Z+Dow8HHOvQz3BKkUBj3vwylNTE5Nz5RnK3PzC4tL7vLKmUkyzaHFE5noi4AZkEJBCwVKuEg1sDiQcB70D0f5+TVoIxJ1ioMUujG7VCISnKG1eu56B+EGc81UmMRysC2UQMGkuIWQHhw3hz236tW8sehf8AuokkLNnvveCROexaCQS2ZM2/dS7OZMo+AShpVOZiBlvM8uoW1RsRhMNx8fMqSb1glplGj7FNKx+30jZ7ExgziwkzHDK/M7G5n/Ze0Mo/1uLlSaISj+9VGUSYoJHbVCQ6GBoxxYYFzbCjjlV0wzjra7ii3B/33yXzir1/ydWv1kt9qoF3WUyRrZIFvEJ3ukQY5Ik7QIJ3fkgTyRZ+feeXRenNev0ZJT7KySH3LePgFO1poV</latexit>

stage 1
<latexit sha1_base64="/ZBSOtGvq3UqIsWqNPGnmRCHLHk=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPBi8cK9gPatWTTbBuazS7JrFqW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9cC1EbG6w3HC/YgOlAgFo2il+y7yJ8wM0gEn3qRXKrsVdwayTLyclCFHvVf66vZjlkZcIZPUmI7nJuhnVKNgkk+K3dTwhLKRfb5jqaIRN34223pCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVm38UppJgTKYRkL7QnKEcW0KZFnZXwoZUU4Y2qKINwVs8eZk0qxXvvFK9vSjXqnkcBTiGEzgDDy6hBjdQhwYw0PAMr/DmPDovzrvzMW9dcfKZI/gD5/MHhqKSeA==</latexit>

stage 2
<latexit sha1_base64="SSzD4Q57kaXsggQE69do7hhKcaM=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPBi8cK9gPatWTTbBuazS7JrFqW/g8vHhTx6n/x5r8xbfegrQ8GHu/NJDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9cC1EbG6w3HC/YgOlAgFo2il+y7yJ8wM0gEn1UmvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUj+3zHUkUjbvxstvWEnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNv8oTCXBmEwjIH2hOUM5toQyLeyuhA2ppgxtUEUbgrd48jJpViveeaV6e1GuVfM4CnAMJ3AGHlxCDW6gDg1goOEZXuHNeXRenHfnY9664uQzR/AHzucPiCeSeQ==</latexit>

stage 3
<latexit sha1_base64="bm3K6E7ttK8NebmeTgVJslIAtIs=">AAAB9XicbVBNTwIxEO3iF+IX6tFLIzHxRHbBRI8kXjxiIh8JIOmWWWjodjftrEo2/A8vHjTGq//Fm//GAntQ8CWTvLw30848P5bCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNFGiOTR4JCPd9pkBKRQ0UKCEdqyBhb6Elj++nvmtB9BGROoOJzH0QjZUIhCcoZXuuwhPmBpkQ6DVab9YcsvuHHSVeBkpkQz1fvGrO4h4EoJCLpkxHc+NsZcyjYJLmBa6iYGY8bF9vmOpYiGYXjrfekrPrDKgQaRtKaRz9fdEykJjJqFvO0OGI7PszcT/vE6CwVUvFSpOEBRffBQkkmJEZxHQgdDAUU4sYVwLuyvlI6YZRxtUwYbgLZ+8SpqVslctV24vSrVKFkeenJBTck48cklq5IbUSYNwoskzeSVvzqPz4rw7H4vWnJPNHJM/cD5/AImskno=</latexit>

↵t ⇡ n�1/4
<latexit sha1_base64="HthxizfZyEUsdPlbaWe+KHRV/AU=">AAACAnicdVBNSwMxEM36WetX1ZN4CRbBi3WzFq23ghePFawKbS2zaWpDs9mQZMWyFC/+FS8eFPHqr/DmvzFbK6jog4HHezPMzAuV4Mb6/rs3MTk1PTObm8vPLywuLRdWVs9MnGjK6jQWsb4IwTDBJatbbgW7UJpBFAp2HvaPMv/8mmnDY3lqB4q1IriSvMspWCe1C+tNEKoHbYuboJSOb7C8THfIbnnYLhT9ku/7hBCcEXKw7ztyeFgJSAWTzHIoojFq7cJbsxPTJGLSUgHGNIivbCsFbTkVbJhvJoYpoH24Yg1HJUTMtNLRC0O85ZQO7sbalbR4pH6fSCEyZhCFrjMC2zO/vUz8y2sktltppVyqxDJJPxd1E4FtjLM8cIdrRq0YOAJUc3crpj3QQK1LLe9C+PoU/0/OghLZKwUn5WI1GMeRQxtoE20jgg5QFR2jGqojim7RPXpET96d9+A9ey+frRPeeGYN/YD3+gFoHpa/</latexit>

↵t ⇡
p
�2 � 1

<latexit sha1_base64="EBJVpsVXN2yR9S5dIcfdwMZK198=">AAACDHicdVDLSgMxFM34tr6qLt0Ei+DGMhnF1p3gxqWCVaFTy500tcHMTEzuiGXoB7jxV9y4UMStH+DOvzGjFVT0QOBwzrlJ7om0khZ9/80bGR0bn5icmi7NzM7NL5QXl45tmhkuGjxVqTmNwAolE9FAiUqcaiMgjpQ4iS72Cv/kShgr0+QI+1q0YjhPZFdyQCe1y5UQlO5BG2kIWpv0mob20mAeKndHB86CDTZwKb/q+z5jjBaE1bZ9R3Z26gGrU1ZYDhUyxEG7/Bp2Up7FIkGuwNom8zW2cjAouRKDUphZoYFfwLloOppALGwr/1hmQNec0qHd1LiTIP1Qv0/kEFvbjyOXjAF79rdXiH95zQy79VYuE52hSPjnQ91MUUxp0QztSCM4qr4jwI10f6W8BwY4uv5KroSvTen/5Dioss1qcLhV2Q2GdUyRFbJK1gkjNbJL9skBaRBObsgdeSCP3q137z15z5/REW84s0x+wHt5B8kGm2c=</latexit>

|↵2
t � ⌧?| .

�
1 � (�� 1)

�t�&
+

s
t/n

(�� 1)6
<latexit sha1_base64="UU3FEkJly4nkF5TKE8aQx/DkjoQ="></latexit>
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Take-home message #2

TAP free energy landscape
<latexit sha1_base64="QYk8Bw3eNL/01Gqos4BS8IDm+lg=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6iEMuIjWWEfEESwt5mLlmyt3fszonhSGvjX7GxUMTWf2Dnv3HzUWjig4HHezPMzPNjKQy67reTWVvf2NzKbud2dvf2D/KHRw0TJZpDnUcy0i2fGZBCQR0FSmjFGljoS2j6o5up37wHbUSkajiOoRuygRKB4Ayt1MvTDsIDprXrKg00AAUFejCmkqm+4SyGSS9fcIvuDHSVeAtSIAtUe/mvTj/iSQgKuWTGtD03xm7KNAouYZLrJAZixkdsAG1LFQvBdNPZJxN6ZpU+DSJtSyGdqb8nUhYaMw592xkyHJplbyr+57UTDK66qVBxgqD4fFGQSIoRncZC+0IDRzm2hHEt7K2UD5lmHG14ORuCt/zyKmmUit5FsXR3WaiUF3FkyQk5JefEI2VSIbekSuqEk0fyTF7Jm/PkvDjvzse8NeMsZo7JHzifP18Smhk=</latexit>

randomly-initialized AMP
<latexit sha1_base64="3yjUEVs8+lxBJOrrfzmfx5z2nts=">AAACCHicbZBLS8NAFIUn9VXrK+rShYNFcGNJqqDLihs3QgWrQlvKZHKjQyeTMHMj1tClG/+KGxeKuPUnuPPfOK1Z+Dow8HHOvQz3BKkUBj3vwylNTE5Nz5RnK3PzC4tL7vLKmUkyzaHFE5noi4AZkEJBCwVKuEg1sDiQcB70D0f5+TVoIxJ1ioMUujG7VCISnKG1eu56B+EGc81UmMRysC2UQMGkuIWQHhw3hz236tW8sehf8AuokkLNnvveCROexaCQS2ZM2/dS7OZMo+AShpVOZiBlvM8uoW1RsRhMNx8fMqSb1glplGj7FNKx+30jZ7ExgziwkzHDK/M7G5n/Ze0Mo/1uLlSaISj+9VGUSYoJHbVCQ6GBoxxYYFzbCjjlV0wzjra7ii3B/33yXzir1/ydWv1kt9qoF3WUyRrZIFvEJ3ukQY5Ik7QIJ3fkgTyRZ+feeXRenNev0ZJT7KySH3LePgFO1poV</latexit>

• It takes randomly-initialized AMP at most O
( logn
λ−1

)
iterations to

get Õ
(√

1
n(λ−1)6

)
close to the Bayes-optimal risk.
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Concluding remarks

# iterations

estimation error

10!10"log 𝑛
log log 𝑛

10#

Rush et al. 18

This work

AMP iterates

poly(𝑛)

• a new non-asymptotic framework of AMP that allows for #
iterations O( n

poly(logn)) given informative/spectral initialization

• analyze performance of randomly-initialized AMP for Z2

synchronization
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Concluding remarks: future extensions

• other statistical settings

• apply these results for statistical inference

• connections to other polynomial-time algorithms

• universality results

• infinite number of iterations

• etc...
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Thanks for your attention! Questions?

Paper:

“A non-asymptotic framework for approximate message passing in spiked models,” G. Li,

Y. Wei, arxiv.2208.03313

“Approximate message passing from random initialization with applications to Z2

synchronization,” G. Li, W. Fan, Y. Wei, PNAS, 2023

“Non-asymptotic analyses for approximate message passing with applications to sparse and

robust regression,” G. Li, Y. Wei, upcoming
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Extensions to sparse/robust regression

• So far, AMP for spiked models M = v?v?> +W :

xt+1 =Mηt(xt)− 〈η′t(xt)〉 · ηt−1(xt−1), for t ≥ 1

where 〈x〉 := 1
n

∑n
i=1 xi

• AMP for sparse/robust regression y = Xθ + ε :

st = XFt(βt)− 〈F ′t 〉Gt−1(st−1),

βt+1 = X>Gt(st)− 〈G′t〉Ft(βt)

Theorem (informal)

For t . n/ log4 n, AMP iterates satisfy

βt+1 = θt+1 − θ? =
t∑

k=1

αktψk + ζt

where with probability at least 1−O(n−10), ‖ζ‖2 ≤
(
t logn
n

)1/3
.
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A glimpse of our main proof idea...

— decomposition: xt+1 = αt+1v
? +

∑t
k=1 β

k
t φk + ξt



Prior non-asymptotic guarantees

AMP for spiked models:

xt+1 =Mηt(xt)− 〈η′t(xt)〉 · ηt−1(xt−1), for t ≥ 1

• Challenges: deal with statistical dependence between iterations

• Rush & Venkataramanan’16 #iterations = o(log n/ log logn)
— based on state-evolution analysis in Bayati & Montanari’11

statistical dependence
<latexit sha1_base64="AvhCSfsgvxAGrf+cSX0ZSTXaYrs=">AAACBnicdVDLSgMxFM34rPVVdSlCsAiuysy0tHVXcONSwarQlpLJ3LbBTGZI7ohl6MqNv+LGhSJu/QZ3/o0ZraCiBwIn5z6Sc4JECoOu++bMzM7NLywWlorLK6tr66WNzTMTp5pDm8cy1hcBMyCFgjYKlHCRaGBRIOE8uDzM6+dXoI2I1SmOE+hFbKjEQHCGVuqXdroI15gZtHeDVpY0hARUCIrDpF8qu5WDZt2v1albcd2G53s58Ru1ao16VslRJlMc90uv3TDmaQQKuWTGdDw3wV7GtF0tYVLspgYSxi/ZEDqWKhaB6WUfNiZ0zyohHcTaHoX0Q/0+kbHImHEU2M6I4cj8ruXiX7VOioNmLxMqSdHa+nxokEqKMc0zoaHQwFGOLWFcC/tXykdMM442uaIN4csp/Z+c+RWvWvFPauWWP42jQLbJLtknHmmQFjkix6RNOLkhd+SBPDq3zr3z5Dx/ts4405kt8gPOyzvJ85ns</latexit>

induction step
<latexit sha1_base64="73PZQ0KDkPlik5//Wav3JVEkFW0=">AAAB/nicdZDLSgNBEEV7fMb4ioorN41BcBVmJiGJu4AblxHMA5IQejqVpEnPg+4aMQwBf8WNC0Xc+h3u/Bt7kggqeqHhcqqKrrpeJIVG2/6wVlbX1jc2M1vZ7Z3dvf3cwWFTh7Hi0OChDFXbYxqkCKCBAiW0IwXM9yS0vMllWm/dgtIiDG5wGkHPZ6NADAVnaFA/d9xFuMNEBIOYp4RqhGjWz+XtwkW17JbK1C7YdsVxndS4lVKxRB1DUuXJUvV+7r07CHnsQ4BcMq07jh1hL2EKBZcwy3ZjDRHjEzaCjrEB80H3kvn6M3pmyIAOQ2VegHROv08kzNd66num02c41r9rKfyr1olxWO2Z26IYIeCLj4axpBjSNAs6EAo4yqkxjCthdqV8zBTjaBLLmhC+LqX/m6ZbcIoF97qUr7nLODLkhJySc+KQCqmRK1InDcJJQh7IE3m27q1H68V6XbSuWMuZI/JD1tsnh9+WdQ==</latexit>

requires n
(t!)2
→∞→ t = o(log n/ log log n)
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Main proof idea: a new decomposition

• {xt} is the sequence generated by AMP

• define an orthonormal basis {zt} where

z1 :=
η1(x1)

‖η1(x1)‖2
∈ Rn, and W1 :=W

• write Ut−1 := [zk]1≤k≤t−1 ∈ Rn×(t−1) and denote

zt :=

(
I − Ut−1U>t−1

)
ηt(xt)∥∥(I − Ut−1U>t−1

)
ηt(xt)

∥∥
2

Gram–Schmidt orthogonalization,

Wt :=
(
I − zt−1z>t−1

)
Wt−1

(
I − zt−1z>t−1

)

• write ηt(xt) =
∑t

k=1 β
k
t zk, for βkt := 〈ηt(xt), zk〉
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Main proof idea: a new decomposition

• AMP updates:
xt+1 = Mηt(xt)− 〈η′t(xt)〉 · ηt−1(xt−1), where M = λv?v?> +W

• Goal: xt+1 = αt+1v
? +

∑t
k=1 β

k
t φk + ξt

Mηt(xt)

= v? λv?>ηt(xt)︸ ︷︷ ︸
αt+1

+
{
Wt +

t−1∑
k=1

[
Wkzkz

>
k + zkz

>
k Wk − zkz>k Wkzkz

>
k

]
︸ ︷︷ ︸

Wk−Wk+1

}
·

t∑
k=1

βkt zk︸ ︷︷ ︸
ηt(xt)

= αt+1v
? +

t∑
k=1

βktWkzk + . . .

= αt+1v
? +

t∑
k=1

βkt (Wkzk + ζk)︸ ︷︷ ︸
φk∼N (0, 1

n
In)

+ . . .

ξt =

t−1∑
k=1

zk
[
〈Wkzk, ηt(xt)〉 − 〈η′t(xt)〉βkt−1 − βkt z>k Wkzk

]
−

t∑
k=1

βkt ζk
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ηt(xt)

= αt+1v
? +

t∑
k=1

βktWkzk + . . .

= αt+1v
? +

t∑
k=1

βkt (Wkzk + ζk)︸ ︷︷ ︸
φk∼N (0, 1

n
In)

+ . . .

ξt =

t−1∑
k=1

zk
[
〈Wkzk, ηt(xt)〉 − 〈η′t(xt)〉βkt−1 − βkt z>k Wkzk

]
−

t∑
k=1

βkt ζk

5 / 11



Main proof idea: a new decomposition

• AMP updates:
xt+1 = Mηt(xt)− 〈η′t(xt)〉 · ηt−1(xt−1), where M = λv?v?> +W

• Goal: xt+1 = αt+1v
? +

∑t
k=1 β

k
t φk + ξt

Mηt(xt)

= v? λv?>ηt(xt)︸ ︷︷ ︸
αt+1

+
{
Wt +

t−1∑
k=1

[
Wkzkz

>
k + zkz

>
k Wk − zkz>k Wkzkz

>
k

]
︸ ︷︷ ︸

Wk−Wk+1

}
·

t∑
k=1

βkt zk︸ ︷︷ ︸
ηt(xt)

= αt+1v
? +

t∑
k=1

βktWkzk + . . .

= αt+1v
? +

t∑
k=1

βkt (Wkzk + ζk)︸ ︷︷ ︸
φk∼N (0, 1

n
In)

+ . . .

ξt =

t−1∑
k=1

zk
[
〈Wkzk, ηt(xt)〉 − 〈η′t(xt)〉βkt−1 − βkt z>k Wkzk

]
−

t∑
k=1

βkt ζk

5 / 11



sparse PCA in spiked models

• Setting: M = λv?v?> +W where ‖v?‖0 = k

• Goal: recover v? given M

“I can’t find  an efficient algorithm,  but neither can all these people.” 
 

| {z }

1

<latexit sha1_base64="C4uA/Fm1YrWBXJJ55OuFEEHnftM=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZEXXhouDGZQX7gHYomTTThiaZIbkjlqFu/BU3LhRx61+4829M21lo64HAyTn33uSeMBHcgOd9O4Wl5ZXVteJ6aWNza3vH3d1rmDjVlNVpLGLdColhgitWBw6CtRLNiAwFa4bD64nfvGfa8FjdwShhgSR9xSNOCVip6x50gD1AZsDeDVhZYMElh3HXLXsVbwq8SPyclFGOWtf96vRimkqmgApiTNv3Eggyou1UwcalTmpYQuiQ9FnbUkUkM0E23WCMj63Sw1Gs7VGAp+rvjoxIY0YytJWSwMDMexPxP6+dQnQZZFwlKTBFZw9FqcAQ40kcuMc1oyBGlhCquf0rpgOiCQUbWsmG4M+vvEgapxX/vOLfnpWrV3kcRXSIjtAJ8tEFqqIbVEN1RNEjekav6M15cl6cd+djVlpw8p599AfO5w+UupeY</latexit>

statistical limit
<latexit sha1_base64="HHD2H34LzlgrkVccav6eK8yPHTI=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZEXXhouDGZQX7gHYomTTThiaTIbkjlqFu/BU3LhRx61+4829Mp11o64HA4Zx7uTknTAQ34HnfTmFpeWV1rbhe2tjc2t5xd/caRqWasjpVQulWSAwTPGZ14CBYK9GMyFCwZji8nvjNe6YNV/EdjBIWSNKPecQpASt13YMOsAfIqJJJCrmGBZccxl237FW8HHiR+DNSRjPUuu5Xp6doKlkMVBBj2r6XQJARDZwKNi51UsMSQoekz9qWxkQyE2R5gjE+tkoPR0rbFwPO1d8bGZHGjGRoJyWBgZn3JuJ/XjuF6DLIeGzTsZhOD0WpwKDwpA7c45pRECNLCNXc/hXTAdGEgi2tZEvw5yMvksZpxT+v+Ldn5erVrI4iOkRH6AT56AJV0Q2qoTqi6BE9o1f05jw5L8678zEdLTiznX30B87nD6oHl6Y=</latexit>

computation limit

<latexit sha1_base64="p91K6jIRh/PeKKRtm/aq5WzHmIk=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjMi6sFDwIsniUsWTIbQ06lJmvT0DN01YhjyF148KOLVv/Hm39hZDhp9UPB4r4qqekEihUHX/XJyC4tLyyv51cLa+sbmVnF7p27iVHOo8VjGuhkwA1IoqKFACc1EA4sCCY1gcDH2Gw+gjYjVHQ4T8CPWUyIUnKGV7tsIj5jdXt2MOsWSW3YnoH+JNyMlMkO1U/xsd2OeRqCQS2ZMy3MT9DOmUXAJo0I7NZAwPmA9aFmqWATGzyYXj+iBVbo0jLUthXSi/pzIWGTMMApsZ8Swb+a9sfif10oxPPMzoZIUQfHpojCVFGM6fp92hQaOcmgJ41rYWynvM8042pAKNgRv/uW/pH5U9k7K3vVxqXI+iyNP9sg+OSQeOSUVckmqpEY4UeSJvJBXxzjPzpvzPm3NObOZXfILzsc3se6Q6g==</latexit>

SNR

� ⇡
r

k log n

n
<latexit sha1_base64="ZxCDKcR5JCXcdRHocvW38oB+VYc="></latexit>

� ⇡
r

k2

n
<latexit sha1_base64="Cjzfu/CD2oI2L3nAVHn7SWT58yQ="></latexit>

reduction to planted cliques:
<latexit sha1_base64="DBQaeXETGd7JzB5XtuPoWL6ecQI=">AAACDXicdVBNSwMxFMz6bf2qevQSrIKnklTR6knw4lHBqtCWks2+ajCbXZO3Yln6B7z4V7x4UMSrd2/+G7NaQUUHAsPMe7zMhKlWDhl7C4aGR0bHxicmS1PTM7Nz5fmFY5dkVkJDJjqxp6FwoJWBBirUcJpaEHGo4SS82Cv8kyuwTiXmCHsptGNxZlRXSYFe6pRXWgjXmFuIMlkoFBOaamEQIiq1uszA7fQ75QqrMsY457QgfGuTebK9Xa/xOuWF5VEhAxx0yq+tKJFZDAalFs41OUuxnQuLSmrol1qZg1TIC3EGTU+NiMG18480fbrqlYh2E+ufQfqhft/IRexcLw79ZCzw3P32CvEvr5lht97OlUkzBCM/D3UzXUQuqqGRsiBR9zwR0ir/VyrPhRUSfYElX8JXUvo/Oa5V+Xq1drhR2WWDOibIElkma4STLbJL9skBaRBJbsgdeSCPwW1wHzwFz5+jQ8FgZ5H8QPDyDp29nHw=</latexit>

Berthet & Rigollet (2013)
<latexit sha1_base64="TQ1JWuAxUUKmESBHptl6NPItDaY=">AAACCnicdZDLSkMxEIZzvFtvVZduokXRTUmqaLsrunGpYlVoS8lJp20w50IyRyyHrt34Km5cKOLWJ3Dn25ijFVR0IPDx/zNM5vdjrSwy9uaNjI6NT0xOTedmZufmF/KLS2c2SoyEmox0ZC58YUGrEGqoUMNFbEAEvoZz//Ig88+vwFgVhafYj6EZiG6oOkoKdFIrv9pAuMZ0Hwz2AGljg56obqS1480S49tbg1a+wIqMMc45zYDv7TIHlUq5xMuUZ5arAhnWUSv/2mhHMgkgRKmFtXXOYmymwqCSGga5RmIhFvJSdKHuMBQB2Gb6ccqArjulTTuRcS9E+qF+n0hFYG0/8F1nILBnf3uZ+JdXT7BTbqYqjBOEUH4u6iSaYkSzXGhbGZCo+w6ENMr9lcqeMEKiSy/nQvi6lP4PZ6Ui3y6WjncKVTaMY4qskDWySTjZI1VySI5IjUhyQ+7IA3n0br1778l7/mwd8YYzy+RHeS/vN/6ZPw==</latexit>
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Sparse PCA: our results

Theorem (Li & Wei’22)

Suppose 0 < λ . 1. Given an informative initialization (with
non-vanishing correlation with v?), AMP satisfies

xt+1 = αt+1v
? +

t∑

k=1

βkt φk + ξt,

with

αt+1 = E
[
λv?>ηt

(
αtv

? +
1√
n
G
)]

+

√
k + t log3 n

n
,

‖βt‖2 = 1, ‖ξt‖2 .
√
k + t log3 n

n
w.h.p.

provided that t log3 n
nλ2

. 1 and k logn
nλ2

. 1.

denoising functions:

ηt(x) = γtsign(x)(|x| − τt)+ where γ−1t := ‖(|xt| − τt)+‖2, τt �
√

log n

n
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Several remarks

• recall the (asymptotic) state evolution:

α?t+1 :=

λv?>
∫

STτt

(
α?t v

? +
x√
n

)
ϕn(dx)√∫ ∥∥∥STτt

(
α?t v

? +
x√
n

)∥∥∥2
2
ϕn(dx)

then ∣∣αt+1 − α?t+1

∣∣ .√k logn+ t log3 n

n

• two sufficient initialization schemes:

I AMP with diagonal maximization: λ‖v?‖∞ &
√

k logn
n

I AMP with sample-split initialization: λ &
√

k2

n and ‖v?‖∞ . logn
k
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Sparse PCA: simulations

Figure: Convergence of AMP with diagonal maximization for different signal

strengths with n = 10000. Repeat 40 times.
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Auxiliary details

Define ζk :=
(√

2
2 − 1

)
zkz
>
k Wkzk +

∑k−1
i=1 g

k
i zi

Wkzk + ζk = φk
i.i.d∼ N (0,

1

n
In)

• conditioning on x1, {zi}i<k, Wk is a Wigner matrix in subspace
U⊥k−1

• Wkzk has zero variance along the directions of {zi}i<k and 2
n

variance along the direction of zk
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Conditioning technique

AMP updates xt+1 =Wmt − γtmt−1

where mt = ηt(xt), γt = 〈η′t(xt)〉

• m−1 = 0, x0 = 0 and x1 =Wηt(0)

• σ-algebra Ft generated by {x0, x1, . . . , xt}, conditioning on F is
equivalent to conditioning on event

Et :=
{
x1 + γ0m−1 = Wm0, x2 + γ1m1 = Wm1, . . . , xt + γt−1mt−1 = Wmt−1

}
• W conditioning on linear observations

W |Ft

d
= E[W |Ft ] + P⊥t W

newP⊥t

W |Ftm
t d

= W newP⊥t m
t︸ ︷︷ ︸

Gaussian term

+W new(I − P⊥t )mt + E[W |Ft]mt︸ ︷︷ ︸
non-Gaussian term

Bolthausen (2006), Bayati & Montanari (2011), Rush & Venkataramanan (2016), Berthier,

Montanari & Nguyen (2020)
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